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ABSTRACT
Up-to-date isochrones, zero-age horizontal branch (ZAHB) loci, and evolutionary tracks for core He-
burning stars are applied to the color-magnitude diagrams (CMDs) of M3, M15, and M92, focusing
in particular on their RR Lyrae populations. Periods for the ab- and c-type variables are calculated
using the latest theoretical calibrations of log Pab and log Pc as a function of luminosity, mass, effective
temperature (Teff), and metallicity. Our models are generally able to reproduce the measured periods
to well within the uncertainties implied by the stellar properties on which pulsation periods depend,
as well as the mean periods and cluster-to-cluster differences in 〈Pab〉 and 〈Pc〉, on the assumption
of well-supported values of E(B − V ), (m −M)V , and [Fe/H]. While many of RR Lyrae in M3 lie
close to the same ZAHB that fits the faintest HB stars at bluer or redder colors, the M92 variables
are all significantly evolved stars from ZAHB locations on the blue side of the instability strip. M15
appears to contain a similar population of HB stars as M92, along with additional helium-enhanced
populations not present in the latter which comprise most of its RR Lyrae stars. The large number
of variables in M15 and the similarity of the observed values of 〈Pab〉 and 〈Pc〉 in M15 and M92 can
be explained by HB models that allow for variations in Y . Similar ages (∼ 12.5 Gyr) are found for
all three clusters, making them significantly younger than the field halo subgiant HD140283. Our
analysis suggests a preference for stellar models that take diffusive processes into account.
Subject headings: globular clusters: general — globular clusters: individual (M3, M15, M92) — stars:
evolution — stars: horizontal-branch — stars: RR Lyrae
1. INTRODUCTION
The globular clusters (GCs) M15 (NGC 7078) and
M92 (NGC6341) are generally thought to have very close
to the same metallicity (see the spectroscopic surveys
by e.g., Kraft & Ivans 2003, Carretta et al. 2009a) and
age (e.g., Sandage 1982, VandenBerg 2000, Dotter et al.
2010). The strongest argument in support of coeval-
ity is that color-magnitude diagram (CMD) studies have
shown that the difference in magnitude between the
turnoff (TO) and the horizontal branch (HB) is nearly
identical for these two systems (e.g., Durrell & Harris
1993). Originally, this so-called “∆V HBTO parameter” was
measured at the color of the TO (Iben & Renzini 1984),
but the uncertainty of VTO can easily be as high as ±0.1
mag, implying δ(age) ∼ ±1 Gyr, because of the diffi-
culty of determining the magnitude of the bluest point
in a sequence of stars that is, by definition, vertical at
the TO. Much more precise ages can be derived by fit-
ting isochrones to the arc of stars from ∼ 1 mag be-
low the TO through to a point on the subgiant branch
(SGB) that is ∼ 0.05 mag redder than the TO, in con-
junction with fits of zero-age horizontal branch (ZAHB)
models to the cluster HB populations (VandenBerg et al.
2013, hereafter V13; Leaman et al. 2013). Using this
technique, which builds on the approaches advocated
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by Chaboyer et al. (1996) and Buonanno et al. (1998),
V13 found that M15 and M92 have the same age to
within ±0.25 Gyr. [The shapes of modern isochrones
in the vicinity of the TO, in particular, appear to be
quite a robust prediction and, in fact, stellar models
are able to reproduce the turnoff portions of observed
CMDs rather well when up-to-date color–Teff relations
(e.g., Casagrande & VandenBerg 2014, hereafter CV14)
are employed; see V13.]
However, this result is not yet ironclad — primarily be-
cause the two GCs have very different HB morphologies.
Indeed, M15 is not at all like the majority of clusters with
[Fe/H] < −2, including M92, whose HB populations are
located predominately to the blue of the instability strip
(IS), and their RR Lyrae stars constitute just a small
fraction of the total number of core helium-burning stars.
In M92-like HBs, both the paucity of variables and their
high pulsation periods, relative to those determined for
RR Lyrae in more metal-rich clusters (like M3), can be
plausibly explained if these variables evolved into the IS
from ZAHB locations on the blue side of the IS, where
most of the HB stars are found (Renzini 1983, Lee et al.
1990, Pritzl et al. 2002, Sollima et al. 2014).
Curiously, M15 has a horizontal branch that spans
a much wider range in color than is typical of ex-
tremely metal-deficient GCs, and it is so rich in
RR Lyrae that a large fraction of its variables must
have evolved from ZAHB structures inside the IS
(Rood 1984, Bingham et al. 1984, Buonanno et al. 1985,
Renzini & Fusi Pecci 1988). Yet, the mean period of its
ab-type RR Lyrae stars agrees very well with the values
of 〈Pab〉 that have been derived for other Oosterhoff type
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II (hereafter, Oo II) systems (Oosterhoff 1939, 1944),
including M92; see Catelan (2009, his Table 2). This
suggests that, at the same intrinsic color, M15 and M92
variables have similar luminosities; and therefore that (in
the mean at least) M15 RR Lyrae lie above the extension
into the IS of the same ZAHB which provides a good fit
to the main non-variable, blue HB population of M92
(as well as its counterpart in M15).
There is another important difference between M15
and other GCs of very low metallicity in that it is
the only one which has been found to have a signf-
icant dispersion in the abundances of heavy neutron-
capture elements (e.g., Cohen 2011, Worley et al. 2013).
This may be (probably is) connected with the fact
that M15 is one of the most luminous, and thus most
massive, clusters in the Galaxy. Indeed, other sys-
tems with integrated MV < −9 (see the latest ver-
sion of the Harris 1996 catalogue4) generally exhibit
the largest chemical abundance anomalies; see, for in-
stance, recent investigations of 47 Tuc (Milone et al.
2012, Gratton et al. 2013), NGC2808 (Carretta 2015,
Milone et al. 2015), NGC2419 (Cohen & Kirby 2012,
Mucciarelli et al. 2012), NGC6441 (Bellini et al. 2013)
and M2 (Yong et al. 2014).
Moreover, as discussed in, e.g., the studies of 47
Tuc by Di Criscienzo et al. (2010) and of NGC2808 by
D’Alessandro et al. (2011) and Marino et al. (2014), con-
sequences of the observed (or inferred, in the case of
helium) abundance variations for their HB populations
can often be identified. To be specific, Di Criscienzo et
al. found that the best match to the observed HB mor-
phology of 47 Tuc is obtained if synthetic HB popula-
tions are generated on the assumption of ∆Y ≈ 0.03
for the initial He abundances (also see Salaris et al.
2016). This is approximately the dispersion in Y that
has been inferred from the width of the cluster MS
by Anderson et al. (2009). Similarly, D’Alessandro et
al. and Marino et al. have found that the very unusual
HB of NGC2808 can be explained if it consists of sub-
populations of stars with low, intermediate, and high he-
lium abundances that are consistent with the values of
Y implied by the cluster’s triple MS (see Piotto et al.
2007). Hence, it may turn out that the HB of M15 can-
not be satisfactorily explained except as a superposition
of multiple stellar populations — something which has
long been suspected (see, e.g., Buonanno et al. 1985).
Indeed, Jang et al. (2014, also see Jang & Lee 2015)
have recently speculated that the presence of differ-
ent generations of stars, which assumes that resident
chemically distinct populations formed at different times
(Gratton et al. 2012), may be responsible for the appear-
ance of the observed HBs in most clusters, as well as their
separation into Oosterhoff groups. In their scenario, core
helium-burning stars with normal helium abundances
(Y ≈ 0.25) populate a different range in color on the
HB than those with slightly higher Y , enhanced CNO
abundances, and younger ages (by 1–2 Gyr), and (if they
exist) still younger stars with much higher Y . That is,
the spread in color on the HB would be due more to the
differences in the ages and the abundances of helium and
CNO of the existing subgroups than to a large disper-
sion in mass at nearly constant Y and [CNO/Fe], which
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is the canonical explanation (Rood 1973). Since HBs are
shifted to the red as the metallicity increases, the stars
that are located in the IS could belong mostly to the
first, second, or third generation depending on the clus-
ter [Fe/H], possibly producing the observed RR Lyrae
period shifts (see Jang et al., their Fig. 1 and the accom-
panying discussion.).
However, although difficult to measure, C+N+O ap-
pears to be constant to within measuring uncertainties in
most GCs; see, e.g., the spectroscopic results obtained for
M4 by Smith et al. (2005), for NGC6397 and NGC6752
by Carretta et al. (2005), and for M3 and M13 by
Cohen & Mele´ndez (2005, also see Smith et al. 1996).
To date, there is compelling evidence for large star-to-
star [CNO/Fe] variations only in NGC1851 (Yong et al.
2009), though there is some suggestion from photomet-
ric data that 47 Tucanae harbors a minor CNO-enhanced
population of stars in its core (Anderson et al. 2009). As
shown by Cassisi et al. (2008) in the case of NGC1851,
large variations in [CNO/Fe] cause the SGB to be broad-
ened, or split, and since this is not commonly seen in
GC CMDs (see, e.g., the HST photometric survey car-
ried out by Sarajedini et al. 2007), intrinsic spreads in
[CNO/Fe] larger than ∼ 0.2 dex are effectively ruled out
(unless the effects of age and [CNO/Fe] variations com-
pensate each other). Indeed, even well-developed O–
Na and Mg–Al anti-correlations, such as those derived
for stars in M13 by Johnson & Pilachowski (2012) and
Da Costa et al. (2013), respectively, can be reproduced
remarkably well by theoretical models if the H-burning
occurs at a sufficiently high temperature (≈ 75× 106 K)
and both C+N+O and the total number of Mg and Al
nuclei are constant (see Denissenkov et al. 2015).
At the present time, supermassive stars
(Denissenkov & Hartwick 2014) are the only known
nucleosynthesis site that has the required H-burning
temperatures to achieve this consistency between the-
ory and observations without requiring large ad hoc
modifications to the rates of relevant nuclear reactions.5
Thus there are ample reasons to question the variations
in CNO and age that underpin the explanation of the
Oosterhoff dichotomy suggested by Jang et al. (2014)
and Jang & Lee (2015). To properly evaluate the
validity of their proposals, one should first examine
how well updated models for the evolution of HB
stars are able to explain both the morphologies of the
observed HBs in GCs and the periods of their RR Lyrae
5 Renzini et al. (2015) have pointed out some difficulties with
the scenario proposed by Denissenkov & Hartwick (2014), and we
do not disagree that there are valid concerns (also see Iliadis et al.
2016). However, they may simply be telling us that we do not yet
have the correct understanding of how supermassive stars fit into
our picture of the very early evolution of GCs, or whether they
are but one of the contributors to the chemical evolution of these
systems at early times. Given their considerable success in explain-
ing the observed light-element abundance correlations and anti-
correlations — and the limited success, or outright failure, of other
hypotheses to accomplish the same thing (see Denissenkov et al.
2015) — we suspect that supermassive stars will turn out to be an
important piece of the puzzle. Although it is commonly believed
that the chemically distinct populations in GCs arose as a result of
successive star formation events, this possibility is still conjecture
at the present time. The CN-poor, O-rich, Na-poor, . . . stars could
have formed at essentially the same time as the CN-rich, O-poor,
Na-rich, . . . stars if such chemical abundance variations within GCs
have, e.g., a supermassive star origin.
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variables. Since the difference in 〈Pab〉 between Oo II
systems (M 15, M92) and Oo I clusters (e.g., M 3) is of
particular interest, a careful consideration of the M3
HB is included in this investigation.
After describing our evolutionary computations in §2,
fits of isochrones to the cluster TOs and of evolution-
ary tracks for the core He-burning phase to the observed
HBs are presented in §3, along with comparisons of the
predicted and observed periods of their RR Lyrae. The
main results of this study are summarized and briefly
discussed in §4.
2. STELLAR EVOLUTIONARY MODELS
All stellar models that are used in this investigation to
fit the main sequence (MS) and red giant branch (RGB)
photometric sequences of GCs were generated using the
Victoria evolutionary code, as described in considerable
detail by VandenBerg et al. (2012). To be specific, we
have made use of the computations for [α/Fe] = +0.4
from VandenBerg et al. (2014a, hereafter V14), since
this is approximately the observed enhancement of the
α-elements in metal-poor clusters (e.g., Carretta et al.
2009b), as well as several new grids that allow for [O/Fe]
values as high as +1.0 (i.e., 0.0 ≤ δ[O/Fe]≤ 0.6 above the
amount implied by the adopted value of [α/Fe]). (The
latter represent just a small subset of the extensive sets
of tracks and isochrones, to be made publicly available in
a forthcoming paper, in which [O/Fe] is treated as a free
parameter.) Both M92 and M15, in particular, could be
expected to have high oxygen abundances if the variation
of [O/Fe] with [Fe/H] that has been derived for extremely
metal-deficient stars in the Galaxy (Dobrovolskas et al.
2015, Amarsi et al. 2015) applies to them. In fact, it
may not be possible to explain the reddest HB stars
in M15 without assuming very high oxygen abundances
(see §3.3). As documented in the Appendix of the paper
by V14, the elegant interpolation software developed by
P. Bergbusch enables us to generate isochrones for arbi-
trary [Fe/H], Y , and [O/Fe] within the ranges for which
evolutionary tracks have been computed.
Because a suitable treatment of semi-convection or
core overshooting in helium-burning stars has not yet
been incorporated into the Victoria code, the evolu-
tion of stars past their ZAHB locations has never been
followed. However, it has already been demonstrated
(see VandenBerg et al. 2012) that tracks for the MS and
RGB phases are nearly identical with those predicted by
the MESA code (Paxton et al. 2011) when very similar
physics is assumed. If similar good agreement is found in
the case of the respective ZAHB models, then no signif-
icant inconsistencies are introduced by using the MESA
code to generate ZAHB loci and post-ZAHB tracks while
employing Victoria isochrones to describe the earlier evo-
lutionary phases. [The main advantage of this approach
is that the Victoria code contains an implementation of
the Eggleton (1971) non-Lagrangian method of solving
the stellar structure equations (see VandenBerg 1992),
which is designed to follow the evolution of a very thin
H-burning shell along the RGB very efficiently. Indeed,
the entire track from the base of the giant branch until
the onset of the helium flash, which is the only part of
the evolution of a star that utilizes this technique, can
be computed in less than 0.5% of the cpu time required
Figure 1. Bottom panel: comparison of MESA and Victoria
tracks for the MS and RGB phases of stars having the indicated
mass and chemical compositions. As noted adjacent to the giant
branches, the adopted [Fe/H] values are −2.30 and −1.55. Because
the two codes employ different treatments of diffusion, and since
only the Victoria code allows for extra mixing processes below con-
vective envelopes to limit the efficiency of gravitational settling, we
opted to intercompare non-diffusive tracks. However, the effects of
diffusion and extra mixing are included in the dashed loci. (For the
sake of clarity, these tracks have been plotted only for Mbol > 1.5.
All models assume a value of αMLT = 2.0 for the usual convective
mixing-length parameter, and the surface pressure boundary con-
ditions were obtained by integrating the hydrostatic equation to-
gether with the atmospheric T–τ relation given by Krishna Swamy
(1966). Top panel: comparison of fully consistent ZAHB loci. Dif-
fusion was treated in the precursor models because the inclusion,
or not, of this physics has important consequences for the predicted
abundances of helium in the envelopes of HB stars, and therefore
for the luminosities of the latter and consequent ZAHB-based dis-
tance moduli. The MESA and Victoria codes predict nearly the
same helium core masses and envelope abundances in RGB tip
stars, which explains why the respective ZAHBs agree so well.
by codes that take mass to be the independent variable.]
It turns out that, as illustrated in Figure 1, there is
excellent consistency between MESA and Victoria tracks
and ZAHB loci. Both sets of calculations assumed ex-
actly the same abundances of helium (Y = 0.25) and the
heavier elements; specifically, the solar metals mixture
given by Asplund et al. (2009), with a 0.4 dex enhance-
ment of the α-elements, then scaled to [Fe/H] = −1.55
and −2.30 (as indicated). Since this mix of the heavy el-
ements had been previously considered by V14, we were
able to use the same opacities that had been generated
for that project via the Livermore Laboratory OPAL
opacity Web site6 and those calculated using the code
described by Ferguson et al. (2005) for high- and low-
6 http://opalopacity.llnl.gov
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temperatures, respectively. In addition, for this particu-
lar comparison, the preferred rates from the JINA Rea-
clib database (Cyburt et al. 2010) for the most important
H- and He-burning nuclear reactions were incorporated
into the Victoria code so that this component of the stel-
lar physics would be identical to the treatment adopted
in the very recent version of the MESA code (specifi-
cally, release 7624) that has been used throughout this
investigation.
AlthoughMESA has a large number of parameters that
provide the means to control the speed and accuracy of
the model computations, and to choose among differ-
ent prescriptions for the equation of state, the nuclear
reaction network, the reaction rates, etc., we used de-
fault values of all, but one, of these parameters. The
best agreement with Victoria stellar models is obtained
if cubic interpolations of the opacities with respect to Z
are adopted instead of quadratic interpolations (the de-
fault option). (In the Victoria code, cubic splines are
employed to evaluate the opacities at different values of
Z.) For consistency, we chose the “Krishna-Swamy” op-
tion (see Krishna Swamy 1966) for the atmospheric T –τ
relation, as well as the “Henyey” option (Henyey et al.
1965) for the treatment of the mixing-length theory of
convection, with the mixing-length equal to 2.0 pressure
scale-heights. This is very close to the value found from
a Standard Solar Model (see V14).
In comparison with the models computed by V14, the
“Victoria” tracks that appear in Fig. 1 are cooler by only
δ logTeff ≈ 0.0008, while predicting the same RGB-tip
age to within 0.02 Gyr. The adoption in the published
2014 models of a slightly reduced rate (from Marta et al.
2008) for the 14N(p, γ)15O reaction, as compared with
the JINA rate for this reaction, also has minor conse-
quences for ZAHB models, in that the helium core mass
at the top of the giant branch is reduced by ∼ 0.007M⊙,
which translates to a lower luminosity by ∼ 0.015 mag
at a fixed Teff on the HB (when differences in the model
Teff scale are also taken into account). Thus, for instance,
the ZAHB-based distance moduli derived by V13 would
have been reduced by ≈ 0.015 mag, implying increased
ages by ∼ 0.15 Gyr, had their models been based on the
JINA nuclear reaction rates (Cyburt et al. 2010) instead
of the adopted ones. Be that as it may, Fig. 1 shows
that the evolutionary tracks and ZAHBs computed by
the MESA and Victoria codes are in excellent agreement
when both employ very close to the same physics. This
figure provides ample justification for combining MESA
models for the HB phase with Victoria isochrones for the
MS and RGB phases.
The prediction of slightly higher ages by the Victoria
code (by <∼ 2%, see Fig. 1) appears to be due mostly
to small differences in the respective equation-of-state
(EOS) formulations, though differences in, e.g., some of
the numerical methods that are used could be part of
the explanation. Exploratory computations that we car-
ried out revealed that most of this difference would be
eliminated if we used the EOS developed by A. Irwin,
widely known as “FreeEOS”7, to generate the Victoria
track instead of the default EOS (see VandenBerg et al.
2000). The latter is normally favored because it is com-
putationally much faster than FreeEOS (by at least a
7 http://freeeos.sourceforge.net
factor of 3 if the EOS4 implementation of FreeEOS is
employed, and by much larger factors if EOS1–EOS3 are
used). This is an important advantage when generating
large grids of tracks and isochrones. Errors at the level of
∼ 2% are, anyway, much smaller than those associated
with current distance and metal abundance (especially
[O/Fe]) determinations.
It is worth mentioning that MESA can follow the evolu-
tion of a track through the core Helium Flash all the way
to the HB (and beyond), which requires several thousand
stellar models. Indeed, the most massive ZAHB model
is always created in this way. Mass is then removed from
the envelope of this initial model, in small increments, to
generate lower mass ZAHB models. The Victoria code,
on the other hand, inserts into a previously converged
ZAHB structure the chemical abundance profiles from
an appropriate red-giant precursor (one in which the He-
burning luminosity has exceeded 100L⊙), and then re-
laxes that structure via many short timesteps until the
central He abundance has decreased by δY ≈ 0.05 from
an initial value of 1−Z, where Z is the total mass-fraction
abundance of the metals. This endpoint is suggested by
MESA models that have been evolved through the He-
lium Flash. It is just a matter of repeating this proce-
dure, on the assumption of the same helium core mass
but different envelope masses, until an entire ZAHB ex-
tending to, say, logTeff = 4.20 has been generated. As
shown in the upper panel of Fig. 1, this classical, com-
putationally much less demanding approach (see, e.g.,
Dorman 1992) works extremely well if executed carefully.
(For a discussion of the methods that have been used to
compute ZAHB models, see Serenelli & Weiss 2005.)
The subsequent evolution of low-mass HB stars is
known to be strongly dependent on the treatment of mix-
ing at the boundary of the convective helium core (e.g.,
Straniero et al. 2003, and references therein). Because
C-rich material below that boundary has a higher opac-
ity than the He-rich matter above it, a discontinuity is
created in the ratio of the radiative and adiabatic tem-
perature gradients, ∇rad/∇ad, at the boundary. As the
core grows in mass and becomes more enriched in car-
bon, this ratio can exceed 1.0 at the boundary, while the
minimum value inside the core falls below unity. Such a
variation of ∇rad/∇ad with mass implies that this region
will split into a smaller convective core and a surround-
ing zone that undergoes semi-convective mixing. Unfor-
tunately, precisely how this mixing occurs is still an open
question due to the lack of suitable 3D hydrodynamical
simulations that treat all of the relevant microphysics
(e.g., nuclear reactions, opacity variations) on a thermal
timescale.
In the absence of such simulations, a number of dif-
ferent mixing prescriptions, considered to be reasonable,
have been developed for use in post-ZAHB models in
the hope that reasonable consistency with observational
constraints would be found. Let it suffice it to say
that Constantino et al. (2015) have recently concluded
that their proposed “maximal overshoot” treatment of
mixing in convective cores results in stellar structures
whose non-radial pulsations appear to match those of
field HB stars, as derived from Kepler observations, bet-
ter than those computed for models that have imple-
mented other mixing prescriptions. Based on these find-
ings, we have fine-tuned the values of the parameters that
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control convective overshooting in the MESA code so
that our models for the HB phase have evolving He abun-
dance profiles that closely resemble those reported by
Constantino et al. (2015) for their “maximal overshoot”
case. (A full accounting of what we have done, supported
by relevant plots, will be provided in a later paper in this
series by P. Denissenkov et al. The same paper will make
the grids of HB tracks used in this investigation available
to the astronomical community.) Compared with models
that neglect core overshooting, our models predict more
massive He cores and longer core He-burning lifetimes
(∼ 100 Myr) by nearly a factor of two. In addition, our
evolutionary tracks do not contain loops caused by so-
called “core breathing pulses”, in good agreement with
the most recent estimates of the R2 parameter that mea-
sures the relative lifetimes of asymptotic-giant-branch
and HB stars (see Constantino et al. 2016).
3. ANALYSIS OF GC OBSERVATIONS
Since the main goal of this investigation is to obtain
(if possible) fully consistent interpretations of the MSTO
and HB populations in M3, M15, and M92, our analy-
sis of each cluster begins by determining its distance and
age. To accomplish this, all of the observed colors are
first dereddened, assuming an estimate of E(B−V ) that
is supported by analyses of dust maps (Schlegel et al.
1998, Schlafly & Finkbeiner 2011). For colors other than
B − V , we have used E(ζ − η) = (Rζ − Rη)E(B − V ),
where Rζ and Rη have the values given by CV14 (see
their Table A1) for filters ζ and η. Then, to determine
the apparent distance modulus, the observed magnitudes
are adjusted until the lower bound of the distribution of
member HB stars coincides with a ZAHB that has been
computed for an adopted value of Y , and for assumed
metal abundances that are consistent with recent spec-
troscopic results. Having set the value of (m −M)V in
this way, it is a straightforward matter to fit isochrones
for the same initial chemical abundances as the ZAHB to
the turnoff photometry in order to derive the correspond-
ing age. (It has already been shown by V13 that current
ZAHB loci reproduce the morphologies of observed HBs
very well, especially in the case of GCs that have [Fe/H]
<∼ −1.0, and that they seem to be very good distance
indicators.)
To complete our analysis, the full grid of HB evolu-
tionary tracks on which the ZAHB locus was based is
overlaid onto the observed HB population. Via suit-
able interpolations within this grid, the effective tem-
peratures, luminosities, and masses that correspond to
published determinations of the mean magnitudes and
colors of the RR Lyrae variables (i.e., the properties of
equivalent “static stars”) are determined. This informa-
tion, together with the value of Z that was assumed in
the model computations, enable one to calculate the peri-
ods, in units of days, of the ab-type (fundamental mode)
and c-type (first overtone) pulsators using the equations
(from Marconi et al. 2015):
log Pab = (11.347± 0.006) + (0.860± 0.003) log(L/L⊙)
− (0.58± 0.02) log(M/M⊙) (1)
− (3.43± 0.01) logTeff + (0.024± 0.002) log Z
Figure 2. Fit of a 12.4 Gyr isochrone for the indicated chemical
abundances to the turnoff and subgiant photometry of M3, assum-
ing E(B − V ) = 0.013 and (m −M)V = 15.04, as found from the
ZAHB models. The apparent distance modulus in the F606W
magnitude was calculated from the relation (m − M)F606W =
(m −M)V − 0.246E(B − V ); see CV14. (Note that RR Lyrae at
different phases of their pulsation cycles are responsible for most
of the scatter of points in the region contained within the paral-
lelogram. Because the HST observations were taken as part of a
snap-shot survey, magnitude- or intensity-weighted mean magni-
tudes cannot be calculated for the variable stars from those data.)
To reproduce the TO color, the isochrone had to be adjusted by
0.024 mag to the blue.
and
log Pc = (11.167± 0.002) + (0.822± 0.004) log(L/L⊙)
− (0.56± 0.02) log(M/M⊙) (2)
− (3.40± 0.03) logTeff + (0.013± 0.002) log Z.
(These results were derived from state-of-the-art hydro-
dynamical models of RR Lyrae variables that employ a
nonlinear, nonlocal, time-dependent treatment of convec-
tion.) Once the periods predicted by the stellar models
have been determined, they are compared with the ob-
served periods on a star-by-star basis.
It can be anticipated from the preceding remarks that
several plots have been prepared for each cluster, and
indeed, we now turn to a presentation and discussion
of these plots. We begin with M3, mainly because an
analysis of its CMD and RR Lyrae population appears
to be relatively free of difficulties, and end with M15,
which poses a much greater challenge than either M3 or
M92.
3.1. M3
As it is usually worthwhile to examine fits of isochrones
to as many different CMDs as possible, we have opted
to consider both the HST photometry of M3 that was
obtained by Sarajedini et al. (2007) and the latest cal-
ibration of ground-based BV IC data by P. Stetson (as
described, and used, in the study by VandenBerg et al.
2015). A plot of the F606W,F814W observations is
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shown in Figure 2, which illustrates that a ZAHB for
the indicated chemical abundances provides quite a good
match to the lower bound of the distribution of non-
variable HB stars at (mF606W − mF814W )0 <∼ 0.2 and
>∼ 0.4. The isochrone, for the same abundances, that pro-
vides the best fit to the TO and SGB is one for an age of
≈ 12.4 Gyr. While a small color offset had to be applied
to the isochrone in order to match the observed turnoff
color, this has no impact on the inferred age (see V13). It
does indicate, however, that there must be a small prob-
lem with, e.g., the model Teff scale, the adopted color
transformations, the photometric zero-points, and/or the
assumed chemical composition. Regardless, the level of
agreement between theory and observations is quite sat-
isfactory when the adopted or derived properties of M3
are close to currently favored values (see, e.g., the entries
for this GC in the latest edition of the catalog by Harris
1996, see our footnote 4).
The same can be said of Figure 3, which is identi-
cal to Fig. 2 except that the isochrones are compared
with the principal photometric sequences of M3 on the
[(V − IC)0, MV ]-plane. Interestingly, the predicted and
observed turnoff colors agree to within 0.002 mag, but
the cluster RGB is offset to the blue by a larger amount
than in the previous plot. Because of the many fac-
tors that play a role in such comparisons, it is not easy
to determine which one is mostly responsible for these
discrepancies. It seems unlikely that they can be at-
tributed primarily to errors in the predicted tempera-
tures because any Teff adjustments that eliminate the
problems in one CMD will exacerbate the difficulties in
the other CMD — especially in view of the similarity be-
tween (F606W, F814W ) and Johnson-Cousins (V, IC).
Aside from small zero-point errors, the photometry is
probably quite reliable in a systematic sense, but this
may not be true of current color–Teff relations. In any
case, it is very encouraging to find that the quality of
the fits to both the HB and the TO observations are
comparable in Figs. 2 and 3.
Remarkably, of the three CMDs that have been con-
sidered, the same stellar models provide the best match
to the [(B − V )0, MV ]-diagram of M3, as shown in
Figure 4. This is unexpected because the blanketing
is more severe, and hence more problematic from the
modeling perspective, in the B bandpass than at longer
wavelengths. Figs. 2–4 thus demonstrate that inconsis-
tencies in predicted colors at the level of a few hun-
dredths of a magnitude, especially for cool stars, are
unavoidable. However, the ZAHB-based apparent dis-
tance moduli and predicted ages are largely independent
of color-related uncertainties. It is worth mentioning that
VandenBerg et al. (2015) used the same isochrones, but
different ZAHB models, in their fits to the same BV
photometry of M3. They obtained an age of 12.25 Gyr,
which is slightly younger than our determination (12.4
Gyr), because they adopted a slightly larger value of
(m −M)V . An even younger age (11.75 Gyr) was de-
rived by V13 in their survey of GC ages, due mainly to
their use of stellar models that assumed a significantly
higher abundance of oxygen, which more than compen-
sated for a reduced distance modulus.
The RR Lyrae that appear in Fig. 4 as red dots were
taken from the study by Cacciari et al. (2005, their Ta-
bles 1 and 2). All variables that were flagged as having
Figure 3. Similar to the previous figure, except that the stellar
models are compared with V IC observations of M3.
Figure 4. Similar to the previous two figures, except that the
stellar models are compared with BV observations of M3. The
“static equivalent” properties of the sample of RR Lyrae stars that
are considered in this paper (see the text) have been plotted as
small red filled circles.
large scatter in their light curves or low amplitudes (a
possible sign of blends), or which exhibited some evi-
dence for the presence of companions or for the Blazhko
effect (see, e.g., Buchler & Kolla´th 2011, and references
therein), were removed from the sample. However, even
when such strict selection criteria are adopted — which
we can afford to employ in the case of such an RR Lyrae-
rich cluster as M3 — we are still left with a total sample
of 69 variables, 46 of which are fundamental (ab-type)
pulsators and 23 of which are first-overtone (c-type) pul-
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Figure 5. Overlay of evolutionary tracks for core He-burning stars
and the same ZAHB that appears in the previous figure onto the
CMD for the HB and RGB populations of M 3 that have 0.1 ≤
MV ≤ 1.4. Filled and open circles (in red) identify the ab-type
and c-type RR Lyrae, respectively.
sators.
Cacciari et al. (2005) converted colors (but not mag-
nitudes) to their static equivalents, based on the pre-
scriptions given by Bono et al. (1995). (Fortunately,
the differences between the static colors so derived and
magnitude-weighted mean colors are typically <∼ 0.02
mag.) By interpolating in the Bono et al. tables, we were
able to compute the static V magnitudes for the M3 RR
Lyrae. It turns out that they generally agree to within
∼ 0.002 mag with the mean magnitudes given by Cac-
ciari et al., who integrated the light curves in intensity
and then converted the resultant integrations to magni-
tudes. Accordingly, we have simply adopted the values
of 〈V 〉i and (B − V )S that are tabulated by Cacciari et
al.
Figure 5 focuses in on the region of the CMD that
contains the RR Lyrae and non-variable HB stars of M3,
as well as cluster giants that lie within the same range of
MV . The stars and ZAHB that appeared in the previous
figure are reproduced here, but different symbols are used
to identify the fundamental and first-overtone pulsators
(as noted). A grid of post-ZAHB tracks, for the same
initial chemical abundances that were assumed in the
isochrones (see Figs. 2–4) and for masses in the range of
0.80–0.58M⊙ (in the direction from red to blue colors)
has been superimposed on the observations. They begin
at the ZAHB and end when the central helium abundance
has fallen to YC ∼ 0.01, which typically takes ∼ 90 Myr.
Except for the four most massive HB models, evolu-
tionary sequences were computed for masses that differed
by 0.005M⊙ in the vicinity of the instability strip, rising
to 0.01M⊙ for the hottest models. This spacing is suffi-
ciently fine that precise predictions of the masses, lumi-
nosities, and effective temperatures of the RR Lyrae stars
can be obtained simply by linear interpolations within
the grid (or by extrapolating just outside of it, in the
case of the brightest variables). Since the stellar models
were computed for Z = 7.623× 10−4, the periods of the
variables can be calculated using equations (1) and (2),
and then compared with the observed periods.
The results of this exercise are better than one might
have expected (as we will show shortly), though the com-
puted periods for the ab-type variables tend to be some-
what too low. The most likely explanations of this prob-
lem are (i) the predicted temperatures are too high —
despite the fact that isochrones need to be shifted to
the blue to match the turnoff color, which goes in the
Figure 6. Comparison of the observed periods, in days, of the
ab- and c-type RR Lyrae in M3 with those derived from the evo-
lutionary tracks shown in the previous figure (for Y = 0.25, [Fe/H]
= −1.55, and [α/Fe] = +0.40). The observed periods have the
mean values that are given in the top, left-hand corner of the plot.
The same values of 〈Pab〉 and 〈Pc〉 are obtained for the predicted
periods if the temperatures of the variables are adjusted by the
amounts specified in the lower right-hand corner (see the text).
Cacciari et al. (2005) estimate the internal errors in their (B−V )S
colors to be typically 0.02 mag, which translates to errors in logTeff
and the predicted periods, in turn, of ≈ 0.007 and ∼ 0.03 d. The
measured periods are known to better than ±0.00001 d. The dif-
ferences between the predicted and the observed periods have a
standard deviation σ = 0.024 d and 0.021 d in the case of the ab-
and c-type variables, respectively.
opposite direction, (ii) the values of (B − V )S given by
Cacciari et al. (2005) are too blue, or (iii) the coefficient
that multiplies logTeff should be reduced (in an absolute
sense). It is well known that the temperatures of stellar
models are much more uncertain than their luminosities,
and Teff uncertainties will obviously have a much bigger
impact on the calculated periods of RR Lyrae than those
associated with luminosities or masses.
In fact, rather good consistency between the predicted
and observed periods, and the corresponding value of
〈Pab〉,
8 can be obtained if −3.425 is adopted instead of
−3.430 for the logTeff coefficient, which has a 1σ un-
certainty of ±0.01 according to equation (1). However,
the periods given by period–mean-density relations in-
volve relatively small uncertainties. That is, changes to
the various coefficients and the zero point in different
versions of such equations tend to compensate for one
another so as to yield nearly the same periods; for some
discussion of this point, see Catelan (1993). As a result,
it is unlikely that the Teff coefficients can be altered in
equations (1) and (2) without concomitant changes to
8 We are using 〈Pab〉 and 〈Pc〉 to represent the average periods,
either predicted or observed, of the selected samples of cluster RR
Lyrae stars. To properly predict the mean periods, one should
compute synthetic HBs — in which case, consistency between the-
ory and observations would depend on how well the tracks are able
to explain the observed distributions of the variables, in addition
to reproducing their masses, luminosities, and temperatures. Sim-
ulations that take evolutionary speeds and the predicted locations
of the boundaries of the instability strip into account will be pre-
sented in Paper II.
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Figure 7. A somewhat magnified version of Fig. 5 in which the
RR Lyrae with |∆Pab| > 0.024 d and |∆Pc| > 0.021 d are identi-
fied by crosses superimposed on the relevant open or filled circles.
Variable identification numbers are specified only for those stars
that are referenced explicitly in the text.
other coefficients.
For this reason, it is preferable to correct the predicted
Teff scale when attempting to match the observed values
of 〈Pab〉 and 〈Pc〉. (Doing so serves to compensate for
errors in the adopted values of (B − V )S , the color–Teff
relations that are used, and the temperatures of the stel-
lar models.) In Figure 6, the observed periods of the
selected M3 RR Lyrae stars are compared with those
computed using equations (1) and (2) after the temper-
atures derived for them via interpolations in the grid of
HB tracks shown in Fig. 5 have been adjusted by the
amounts specified in the lower right-hand corner. With
these adjustments, the calculated values of 〈Pab〉 and 〈Pc〉
reproduce the observed values (given in the upper left-
hand corner of the plot) to three decimal places. This
consistency was achieved simply by iterating on the rele-
vant δ logTeff values. Note that a temperature reduction
that was applied to the fundamental-mode pulsators has
the effect of increasing the calculated period of an RR
Lyrae that has Pab = 0.55 d by ≈ 0.024 d. (Changes to
the temperatures, luminosities, or masses that are pre-
dicted for a given RR Lyrae will move the point repre-
senting that star vertically up or down in Fig. 6 at the
observed value of logP . For instance, the two c-type
variables that lie above the dashed line with observed
periods of ∼ 0.42 d would shift onto that line if their
values of logTeff , Mbol, or mass were increased by 0.009
dex, 0.093 mag, or 0.08M⊙, respectively.)
The dispersion in the predicted periods relative to
the observed periods is presumably due mostly to er-
rors in the values of (B − V )S that were determined
by Cacciari et al. (2005), given that the HB evolution-
ary tracks are expected to be quite robust in a differ-
ential sense. Support for this assertion is provided in
Figure 7, which shows a somewhat magnified version of
Fig. 5 in which the stars with |∆Pab| > 0.024 d and
|∆Pc| > 0.021 d (i.e., the points furthest from the “line
of equality” in Fig. 6) are identified by crosses. The ma-
jority of them are located in close proximity to stars for
which the predicted and observed periods are in good
agreement. This is certainly true of V109 and other
crossed variables in the dense concentration of ab-type
RR Lyrae at MV ∼ 0.6 and (B − V )0 ∼ 0.3, but the
same thing is found elsewhere in Fig. 7. For instance,
the calculated periods of V105 and V177 differ, in turn,
by +0.022 d and −0.058 d from their measured values,
though the difference is only +0.011 d for the variable
that is located between V105 and V177. Similarly, V29
and V31 have nearly the same CMD locations as other
variables in which the predicted and observed periods
agree to within ±0.012 d. In fact, consistency at this
level is obtained for approximately half of the RR Lyrae
stars in our sample. [Were we to drop from considera-
tion the most discrepant points (i.e., the stars denoted by
crosses in Fig. 7), the differences between the calculated
and measured periods for the resultant sample of 32 ab-
type and 16 c-type variables would have dispersions with
σ(∆Pab) = 0.013 d and σ(∆Pc) = 0.009 d.]
This is really very encouraging consistency between
theory and observations given that such differences cor-
respond to errors of <∼ ±0.004 in the values of logTeff
that are derived for the variables from the HB tracks
and the adopted color–Teff relations (by CV14). The
fact that the most problematic stars are roughly evenly
distributed as functions of both magnitude and color, es-
pecially in the case of the fundamental-mode variables,
suggests that the ∆P dispersions are primarily statis-
tical fluctuations rather than, say, the consequence of
chemical abundance variations (though the latter could
be contributing factors). Note that the star with the
largest difference between the predicted and observed pe-
riod (0.080 d) is V146, which lies close to the middle of
the color range spanned by the ab-type RR Lyrae.
Predicted luminosities also appear to be quite reliable.
If (m −M)V = 15.04 is assumed for M3 (see Figs. 2–
4), 〈MV 〉 = 0.583 is obtained for the entire sample of
ab-type variables that we have considered. According
to Clementini et al. (2003), the fundamental-mode pul-
sators residing in the Large Magellanic Cloud (LMC)
have 〈V0〉 = 0.214([Fe/H]+1.5)+19.064. On the assump-
tion of the accurate eclipsing-binary distance derived
by Pietrzyn´ski et al. (2013) for the LMC, which corre-
sponds to (m−M)0 = 18.494, the Clementini et al. rela-
tion yields 〈MV 〉= 0.559 for RR Lyrae that have [Fe/H]
= −1.55 (the metallicity that we have adopted for M3).
This differs from our determination by only 0.024 mag,
which is well within distance modulus and metallicity
uncertainties (both for M3 and the LMC variables). On
the other hand, we could easily obtain a brighter value of
〈MV 〉 simply by adopting a slightly higher helium abun-
dance or a lower [Fe/H] value. Indeed, a metallicity close
to −1.7 (recall the work of Zinn & West 1984), or less,
is well within the realm of possibility, especially as there
has been some movement in recent spectroscopic inves-
tigations towards lower metallicities for metal-poor GCs
(e.g., see Sobeck et al. 2011, Roederer & Sneden 2011,
Roederer & Thompson 2015).
Although a reinvestigation of M3 using the same meth-
ods and codes that were employed in the aforementioned
studies has yet to be carried out, a lower [Fe/H] value
would help to alleviate a possible problem with the inter-
pretation of the M3 HB shown in Figs. 5 and 7 by reduc-
ing the extent of the post-ZAHB blue loops. As discussed
by Sandage (1981, see his Figs. 8, 9), one would expect to
see some overlap of the colors of ab- and c-type variables,
as a result of the hysteresis effect (van Albada & Baker
1973), if tracks with blue loops accurately describe the
evolution of the observed HB stars. This is not a major
problem for the models plotted in Figs. 5 and 7 because
the lengths of the blue loops amount to no more than
δ(B − V ) ∼ 0.05 mag at the color which separates c-
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Figure 8. Similar to Fig. 5, except that a ZAHB for Y = 0.27
and associated evolutionary tracks for 0.64, 0.66, and 0.67 M⊙
have been superimposed onto the observed HB stars in M3. The
location of the same ZAHB (for Y = 0.25) that appears in Fig. 5
is reproduced here as the dashed curve. Note that exactly the
same reddening and distance modulus have been assumed in both
figures.
and ab-type variables, but the observations indicate that
there is very little, if any, overlap whatsoever of the fun-
damental and first-overtone pulsators — at least for the
sample of RR Lyrae that we have considered.
The limited work that we have done on this issue so far
indicates that the lengths of blue loops, in the vicinity
of the instability strip, decrease relatively slowly with
[Fe/H]; i.e., they would still be present, but shortened
by, e.g., ∼ 25% at [Fe/H] = −1.7 (assuming constant
Y and [α/Fe]). Higher helium abundances would exacer-
bate this problem (see below), but a small reduction in Y
and/or [CNO/Fe] (or an increased helium core mass; see
Catelan 1992) would have beneficial consequences in this
regard. It is worth mentioning that a modest decrease in
the assumed [Fe/H] value produces no more than minor
changes to the effective temperatures and masses that
are derived from the corresponding HB models. Thus,
we would have obtained a plot that is very similar to
Fig. 6 had we adopted a lower [Fe/H] value for M3 by,
e.g., ∼ 0.15 dex (while retaining the same values of the
other chemical abundance parameters).
The close matches of a ZAHB for constant Y to the
faintest HB stars over the entire ranges in color plotted
in Figs. 2–5 provide a strong argument that at least the
lowest luminosity HB stars in M3 have nearly the same
helium abundance. (The same conclusion was reached,
based on similar findings, by Catelan et al. 2009, also see
Valcarce et al. 2016.) That our computations preclude
variations of Y by more than ∼ 0.005 in these stars is
demonstrated in Figure 8, which shows that the displace-
ment at any color between the faintest HB stars and the
ZAHB for Y = 0.25 is a small fraction of the separation
between ZAHBs for Y = 0.25 and 0.27.
These results argue against the explanation of the
Oosterhoff dichotomy recently proposed by Jang et al.
(2014). In their scenario, the RR Lyrae in M3 are ex-
pected to have lower helium abundances than the non-
variable stars on either the red or blue sides of the insta-
bility strip, which should cause the latter to be somewhat
brighter than the ZAHB that is relevant for the variable
stars. (If anything, the faintest RR Lyrae appear to be
slightly brighter than the non-variable stars to the left or
right of them, but this could be the result of small zero-
point differences in the photometry for the variable and
non-variable stars, which come from different sources.)
However, Fig. 8 does not rule out the possibility that
some fraction of the stars lying above the Y = 0.25
ZAHB have higher helium abundances, including some
of the brightest c-type variables, judging from their lo-
cations relative to the track for Y = 0.27 and M =
0.64M⊙. [Unfortunately, it is not possible to use the
predicted periods to constrain the helium abundances of
the RR Lyrae because the only quantity that varies ap-
preciably with Y at a given CMD location, assuming
fixed values of the reddening and distance modulus, is the
mass, and its variation (∼ 0.01–0.03M⊙ for δY <∼ 0.02)
has only a small effect on the period; see equations (1)
and (2).]
As mentioned above, the apparent lack of any over-
lap of the colors of the ab- and c-type variables implies
that stars which began their core He-burning lifetimes
as fundamental-mode pulsators do not follow tracks that
have blue loops or the blue loops are too small to reach
very far into the region of the instability strip where only
first-overtone pulsators are found (see Fig. 8 by Sandage
1981). Alternatively, the hysteresis mechanism does not
occur in real stars. Since these loops are obviously quite
a strong function of Y (compare Figs. 7 and 8), a helium
abundance slightly less than Y = 0.25 (but within the
uncertainties of the primordial helium abundance; see
Komatsu et al. 2011) and/or some refinement of the as-
sumed CNO content would appear to be necessary to ex-
plain the sharp boundary between the fundamental and
first-overtone pulsators at (B−V )0 ≈ 0.27. (Some addi-
tional discussion of this point is given in § 4.) In any case,
our analysis suggests that most of the stars in M3 have
nearly the same helium abundance, though star-to-star
variations as large as δY ∼ 0.02 cannot be ruled out.
As already mentioned, further constraints on the prop-
erties of M3 may be obtained from a consideration of
synthetic HB populations, but we defer such work to the
next paper in the current series, which will be devoted
to a study of M3 and M13.
3.2. M92
Although most investigations over the years have
found that M92 has [Fe/H] ∼ −2.3 (e.g., Zinn & West
1984, Sneden et al. 2000, Behr 2003, Carretta et al.
2009a), lower values by 0.2–0.4 dex have been ob-
tained in some spectroscopic studies (e.g., Peterson et al.
1990, King et al. 1998), including the recent one by
Roederer & Sneden (2011). In view of this, we decided
to fit stellar models for [Fe/H] = −2.30 and −2.60 to
the CMD of M92, and to the properties of its variable
stars, in order to determine whether they indicate any
preference for one of these metallicities over the other.
The best available photometry for the cluster RR
Lyrae is given by Kopacki (2001), who derived intensity-
weighted mean 〈V 〉i brightnesses and magnitude-
weighted (V − IC)m color indices, as calculated from the
difference in the magnitude-weighted magnitudes (V )m
and (IC)m, for the variables. We have therefore used
[(V −IC)0, MV ]-diagrams throughout our study of M92.
However, we did verify that the ZAHB and best-fit
isochrone on this CMD provide equally good interpre-
tations of HST F606W, F814W and B, V data for the
TO and HB stars. [These plots have not been included
here because they merely serve to confirm what has al-
ready been demonstrated in Figs. 2–4 for M3; namely,
that small CMD-dependent zero-point and systematic
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offsets between predicted and observed colors are com-
monly found — though they do not affect the derived
distance modulus and age.]
M92 is known to have 17 RR Lyrae (Kopacki 2001),
but only 12 of them (8 ab-types and 4 c-types) have re-
liable measured magnitudes according to the online ver-
sion of the Clement et al. (2001) catalog of variable stars
in GCs9. The properties of one of the remaining funda-
mental pulsators (specifically, V6) seem suspect as well
because it has a relatively short period (0.600 d) despite
being the most luminous RR Lyrae (〈V 〉i = 14.96) and
having a color (and therefore Teff) that is very similar
to those of the other ab-type variables. By comparison,
V1 has 〈V 〉i = 15.02 and a period of 0.703 d. Because
an unreasonably large mass would have to be invoked in
order to explain the period of V6 using equation (1) if
the values of 〈V 〉i and (V − IC)m given by Kopacki for
this star are adopted, something is clearly awry. For this
reason, V6 has been dropped from further consideration.
3.2.1. Isochrones, ZAHBs, and RR Lyrae
The bottom panel of Figure 9 shows that a ZAHB
for [Fe/H] = −2.30, [α/Fe] = 0.4 (e.g., Carney 1996,
Sneden et al. 2000), and Y = 0.250 provides quite a
good fit to M92’s faintest, non-variable blue HB stars
if (m −M)V = 14.74 and the foreground reddening is
E(B − V ) = 0.023 mag. This value of Y is within
the uncertainties associated with current estimates of
the primodial abundance of helium and the abundances
that have been derived from helium lines in the spec-
tra of HB stars in M30 and NGC6397 with Teff ∼ 10
4 K
(see Mucciarelli et al. 2014, as well as references therein).
(M92 and M30 probably have the same helium abun-
dance given that they have nearly identical CMDs and
ages; see V13.) The turnoff luminosity is well matched by
a 12.9 Gyr isochrone for the same chemical abundances
once the predicted colors are adjusted by −0.013 mag in
order to fit the observed TO color.
The models faithfully reproduce the morphologies of
the MS and RGB fiducial sequences, though the pre-
dicted giant-branch location is too red by a few hun-
dredths of a magnitude. Errors associated with the
adopted color–Teff relations, convection theory, the at-
mospheric boundary conditions, or the assumed cluster
parameters are some of the plausible explanations for
such discrepancies. Note that the photometry was taken
from VandenBerg et al. (2015, see their § 2), who ob-
tained a slightly older age for M92 (13.0 Gyr), mainly
because they adopted a lower [Fe/H] value by 0.1 dex.
Victoria models that assume higher values of [O/H] pre-
dict younger ages (see, e.g., V13), which further high-
lights the sensitivity of absolute GC ages to the adopted
chemical abundances.
The same ZAHB that appears in the bottom panel of
Fig. 9 is reproduced in the top panel, where several tracks
for the core He-burning phase are also plotted. These fol-
low the evolution of stars that arrive on the HB with the
same helium core mass — but different envelope, and
hence total, masses — until the central He abundance
has decreased to YC ∼ 0.01. (Because the tracks for
the more massive models follow nearly the same path
9 http://www.astro.utoronto.ca/∼cclement/read.html
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Figure 9. Bottom panel: Overlay of an isochrone for the indicated
age and chemical abundances onto the CMD of M92 after the
predicted colors have been adjusted by −0.013 mag (as noted).
The adopted reddening and the apparent distance modulus that
has been derived from a fully consistent ZAHB, which has been
plotted without any adjustment to the predicted colors, is specified
in the top left-hand corner. Member RR Lyrae are represented by
small red dots. Top panel: Superposition of the same ZAHB that
appears in the bottom panel, along with several evolutionary tracks
for the core He-burning phase, onto the CMD for the HB and RGB
populations of M92 that have 0.1 ≤MV ≤ 1.4. Only those tracks
for models with M≤ 0.71M⊙ have been plotted. Filled and open
circles (in red) identify the ab-type and c-type RR Lyrae stars,
respectively.
towards the asymptotic giant branch, making it very dif-
ficult to distinguish between them, only those tracks for
M≤ 0.71M⊙, which are the most relevant ones for the
interpretation of the cluster RR Lyrae, are shown.)
The locations of the ab- and c-type RR Lyrae corre-
spond to the values of 〈V 〉i and (V − IC)m that were de-
rived by Kopacki (2001). Unfortunately, it is not possible
to improve upon these estimates of their static equiva-
lent colors because the necessary recipes are not avail-
able: those given by Bono et al. (1995), which were used
by Cacciari et al. (2005) for M3 variables, are restricted
to the B, V , and K bands only. Based on the differ-
ences between the values of (B − V )m and (B − V )S
that are tabulated by Cacciari et al., one might expect
that (V −IC)m colors should be corrected by about −0.01
mag in order to better represent the colors of static stars.
Anyway, Fig. 9 shows that there is no color overlap of
the fundamental and first-overtone pulsators in M92. In
addition, it is apparent that the variables are all signif-
icantly more luminous than the ZAHB at their colors
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Figure 10. Similar to Fig. 6, except that the observed periods
of the RR Lyrae in M92 are compared with those calculated us-
ing equations (1) and (2) on the assumption of the luminosities,
masses, and effective temperatures that are obtained by interpo-
lating within the grids of HB tracks at the CMD locations of the
cluster RR Lyrae stars (see the top panel in the previous figure).
The δ log Teff offsets specified in the lower right-hand corner of the
plot were applied to the interpolated temperatures.
and, judging from the evolutionary sequences, they orig-
inate from ZAHB locations at (V − IC)0 <∼ 0.1, where
the majority of the non-variable HB stars are located.
Note that the reddest ZAHB model, at (V − I)0 ≈ 0.40,
is obtained if no mass loss occurs during the preceding
evolution. To obtain redder ZAHB models with [Fe/H]
= −2.30, it is necessary to increase the assumed oxygen
abundance (see below).
By interpolating within the grid of HB tracks, the val-
ues of log(L/L⊙), log(M/M⊙), and log Teff for each
variable can be derived, from which its period may be
calculated using equation (1) or (2). (For the models
that appear in Fig. 9, Z = 1.357 × 10−4.) As discussed
in connection with Fig. 6, one can iterate on δ logTeff ad-
justment that is applied to the interpolated temperatures
of the variables until the computed values of 〈Pab〉 and
〈Pc〉 agree with the observed values. The results obtained
via this procedure are illustrated in Figure 10. The small
dispersion in the points about the dashed line, especially
for the c-type variables, indicates that the models do
quite a good job of explaining the properties of the RR
Lyrae that reside in M92. [If the two most discrepant ab-
type variables were removed from the sample, we would
obtain σ(∆Pab) = 0.010 d. These stars are the bluest
and the reddest filled circles in the upper panel of Fig. 9
at MV ∼ 0.38.]
In fact, this conclusion is not strongly dependent on the
assumption that the colors of equivalent static stars cor-
respond exactly to (V −IC)m. If these colors are adjusted
by, e.g., −0.01 mag, one obtains a virtually identical plot
to that shown in Fig. 10 if the temperatures of the ab- and
c-type variables are adjusted by δ logTeff = −0.0071 and
+0.0013, respectively. These differences are still com-
parable to, or smaller than the 1σ uncertainty in the
model Teff scale. [In making this assertion, we are as-
ab-typec-type
Figure 11. As in Fig. 9, except that the stellar models assume
[O/Fe] = 0.6.
suming that our models predict the temperatures of HB
stars just as well as in the case of turnoff stars at simi-
lar metallicities and Teff values. For a discussion of the
uncertainties in the temperatures of main-sequence stars
that are derived using the Infrared Flux Method (IRFM),
reference may be made to Casagrande et al. (2010). The
success of modern isochrones in matching the IRFM re-
sults to well within their uncertainties is demonstrated
by VandenBerg et al. (2010).]
A plot that is indistinguishable from Fig. 10 is also ob-
tained if models for a higher oxygen abundance by 0.2
dex (resulting in Z = 1.786 × 10−4) are fitted to the
observations (see Figure 11), provided that −0.0021 and
+0.0053 are adopted, in turn, for the δ logTeff adjust-
ments to the temperatures predicted for the fundamen-
tal and first-overtone pulsators. Higher oxygen stretches
metal-poor ZAHBs to redder colors and, at their red
ends, to slightly fainter V -band magnitudes (compare
the ZAHBs for [O/Fe] = 0.4 and 0.6 in the upper panels
of Figs. 9 and 11, respectively). Both sets of models as-
sume the same abundances of helium and the other met-
als. The main difference between the tracks that pass
through, or close to, the RR Lyrae in these plots is a
change in the predicted mass by ≈ 0.01M⊙. For in-
stance, the track that intersects the reddest open circle
in Fig. 9 was computed for a 0.670M⊙ model, whereas
the corresponding track in Fig. 11 assumed a mass of
0.660M⊙. The difference in mass is too small to have
important consequences for the predicted periods; as a
result, Fig. 10 is relatively insensitive to modest varia-
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tions in [O/Fe].
Because the computed ZAHBs for [O/Fe] = 0.4 and
0.6 are nearly coincident at (V − IC)0 <∼ 0.05, where the
majority of the “zero-age” HB stars in M92 appear to
be located, essentially the same value of (m − M)V is
implied by both sequences. However, turnoff luminosity
versus age relations depend quite strongly on the abso-
lute abundance of oxygen (see, e.g., VandenBerg et al.
2014b, their Fig. 2), or more generally [CNO/H] (assum-
ing fixed solar abundances of CNO). Hence, as shown in
the bottom panel of Fig. 11, the inferred age of M92 is
reduced by about 0.4 Gyr to 12.5 Gyr, if [O/Fe] = 0.6, as
compared with ≈ 12.9 Gyr in Fig. 9, if the cluster stars
have [O/Fe] = 0.4.
A virtually identical fit to the MS, TO, and RGB pop-
ulations of M92 can be obtained from isochrones for
[Fe/H] = −2.60 and the same helium abundance and
metals mixture that are specified in Fig. 11 on the as-
sumption of E(B − V ) = 0.023 and (m −M)V = 14.78
(as found from a fully consistent ZAHB). The net effect of
assuming a lower value of [O/H] by 0.3 dex and a larger
distance modulus by 0.04 mag is to increase the pre-
dicted age to ≈ 12.8 Gyr. It turns out that the isochrone
for this age reproduces the turnoff color without requir-
ing any adjustment of the predicted colors. Aside from
these differences, it is not possible to distinguish between
the fits of the [Fe/H] = −2.60 and −2.30 isochrones to
the turnoff and giant-branch photometry. Accordingly,
we have chosen to present the equivalent of just the top
panel in Fig. 11; i.e., a plot in which the ZAHB and se-
lected HB tracks for [Fe/H] = −2.60 and [O/Fe] = 0.6
have been fitted to the cluster HB population.
As shown in Figure 12, the reddest ZAHB model has
(V − IC)0 ≈ 0.25, which is considerably bluer than those
plotted in Figs. 9 and 11 due to the combined effects of
lower [Fe/H] and (especially) reduced [O/H]. Neverthe-
less, the superposition of the HB tracks onto the variable
stars closely resembles those shown previously. In fact,
the interpolated luminosities, effective temperatures, and
masses at the CMD locations of the RR Lyrae are all
sufficiently similar to those derived from the models for
[Fe/H] = −2.30 that the periods calculated for them us-
ing equations (1) and (2), assuming the appropriate value
of Z (8.951× 10−5), are not very different either.
To be more specific: the adoption of a larger dis-
tance modulus by 0.04 mag implies higher luminosities
by δ log(L/L⊙) ≈ 0.016 and higher periods for the ab-
type RR Lyrae by δ logPab ≈ 0.014 (see equation 1).
However, the predicted mass of each variable increases
by ≈ 0.015M⊙ and the resultant changes to log Pab
given by the log(M/M⊙) and log Z terms in equation
(1) amount to ≈ −0.014, with some minor star-to-star
variations of these numbers. (Basically the same thing
is found for the c-type variables. Note that the pre-
dicted temperatures at a given V − IC color do not
change significantly if the [Fe/H] value is reduced from
−2.30 to −2.60.) As a result, the comparison between
the predicted and observed periods can hardly be distin-
guished from that shown in Fig. 10 if the inferred tem-
peratures of the ab- and c-type pulsators are adjusted by
δ logTeff = −0.0021 and +0.0063, respectively. As be-
fore, these choices are set by the requirement that the
models for [Fe/H] = −2.60 and [O/Fe] = 0.6 predict
Figure 12. Similar to the upper panel in the previous figure,
except that the ZAHB and evolutionary tracks (forM≤ 0.72M⊙)
that are compared with the observations of M92 assume [Fe/H]
= −2.60.
the observed values of 〈Pab〉 and 〈Pc〉. Thus, Fig. 10
is obtained for M92 largely independently of moderate
variations in the adopted values of [Fe/H] and [O/Fe].
Although it is disappointing that the predicted periods
of the RR Lyrae do not provide a good constraint on the
cluster metallicity, in view of the uncertainties associated
with the former, it is nonetheless encouraging that up-
to-date HB models provide a satisfactory explanation of
the properties of the variable stars in both M92 and M3.
This includes, in particular, the differences in 〈Pab〉 and
〈Pc〉 between them. In addition, our findings support
the canonical understanding of the HB phase of evolu-
tion, given that the faintest “zero-age” cluster stars are
matched exceedingly well by a ZAHB for constant Y over
the entire range in color spanned by them. Neither the
fits of ZAHB models to the cluster counterparts nor the
comparisons between predicted and observed RR Lyrae
periods provide any compelling evidence for large star-
to-star helium abundance variations. While the meth-
ods that we have employed cannot detect the presence of
modest variations (at the level of, say, δY <∼ 0.02), any
stars with Y >∼ 0.27 that reside in M3 and/or M92 must
lie within the blue tails of their respective HB popula-
tions.
One of the conclusions that can be drawn from the
work described above is that the distance moduli of M3
and M92 must be reasonably close to the values implied
by ZAHB models for Y = 0.25 and [Fe/H] values in the
range of roughly−2.3 to−2.6, as found spectroscopically.
(As shown in Figs. 9 and 11, distances derived in this
way are virtually independent of [O/Fe], which mainly
affects the predicted temperatures and colors of the more
massive ZAHB models. [Fe/H] uncertainties also have
relatively minor ramifications for ZAHB-based distance
moduli given that MV (HB) ∝ 0.21 [Fe/H] in the vicinity
of the instability strip; see V13, Clementini et al. 2003.)
Although our determination of (m −M)V = 15.04 for
M3 agrees well with many estimates (e.g., 15.07 is listed
in the Harris catalog; see our footnote 4), the distance
modulus of M92 is more controversial. Some discussion
of this issue and of the implications of our derived value
of (m −M)V = 14.74 for M92 is warranted before we
turn our attention to M15.
3.2.2. The distance modulus of M92
Relatively short distance moduli have generally been
derived for M92 when nearby field halo subgiants, of
which HD140283 is the most famous example, are used
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as standard candles (e.g., Pont et al. 1998, VandenBerg
et al. 2002). Such stars, which can be age-dated di-
rectly because they are located in the region of a CMD
where isochrones are most widely separated, are un-
deniably very old. The strongest evidence that they
must have formed very soon after the Big Bang is pro-
vided by the work of VandenBerg et al. (2014b, also see
Bond et al. 2013), who derived an age of 14.3± 0.8 Gyr
for HD140283 (where the stated uncertainty takes into
account all sources of error, including the parallax) using
diffusive Victoria models that were computed for metal
abundances derived from high-resolution, high S/N spec-
tra.10.
A few comments are in order concerning the latest
study of HD140283 by Creevey et al. (2015), who found
an age of 13.7 ± 0.7 Gyr (or less, if its reddening is
non-zero). The somewhat younger age that they de-
termined may be due, in part, to their use of stellar
evolutionary computations that, unlike those employed
by VandenBerg et al. (2014b), apparently did not take
into account the important revisions to the rate of the
14N(p, γ)15O reaction that occurred about a decade ago
(Formicola et al. 2004, also see Marta et al. 2008). In
addition, the low Teff that Creevey et al. derived for
HD140283 can be reproduced by stellar models only
if very small values for the mixing-length parameter
(<∼ 1.0) are assumed. Such low values of αMLT have
never been found in studies of star cluster CMDs (see,
e.g., VandenBerg et al. 2000, Salaris et al. 2002), which
provide far better constraints on the value of this pa-
rameter than the properties of single stars (aside from
the Sun) because the location and slope of the giant
branch, as well as the length of the SGB, are very sensi-
tive to the treatment of convection (see, e.g., VandenBerg
1983). These features cannot be reproduced unless a
high value of αMLT is assumed (see Figs. 2–4, 9, and
11 in the present paper). In fact, 3D hydrodynamical
model atmospheres do not favor low values of αMLT ei-
ther (Magic et al. 2015).
Even though the solar-calibrated value of αMLT can
vary significantly from one study to the next, due to
different assumptions concerning e.g., the adopted so-
lar abundances and the treatment of the surface bound-
ary conditions, isochrones for this value of the mixing-
length parameter generally provide credible fits to the
CMDs of clusters for any metallicity. This can be seen
by inspecting the plots provided by Dotter et al. (2008),
Dell’Omodarme et al. (2012), and V14, whose models
were computed on the assumption of solar-calibrated
values of αMLT = 1.938, 1.74, and 2.007, respectively.
The uncertainties of the various factors that play a role
in comparisons of isochrones with observed CMDs are
such that small variations in the mixing-length param-
eter with mass, chemical abundances, or evolutionary
state cannot be ruled out, but neither has it been possible
10 A younger age by about 2% would have been obtained had
FreeEOS, the sophisticated equation-of-state developed by A. Irwin
(see §2), been used in this investigation. Thus, the best estimate of
the age of HD140283 is closer to 14.0 Gyr than to 14.3 Gyr. This is
still slightly older than the age of the universe from the analysis of
Wilkinson Microwave Anisotropy Probe observations (13.77± 0.06
Gyr, Bennett et al. 2013), but the 1σ uncertainty associated with
the stellar age allows for the possibility that HD140283 formed
within a few hundred Myr after the Big Bang.
to argue compellingly in support of such variations (also
see Ferraro et al. 2006). Granted, there are indications
from 3D model atmospheres that αMLT should vary with
Teff , gravity, and metallicity (e.g., Trampedach & Stein
2011; Magic et al. 2013, 2015), but the first attempts
to implement the predictions from such simulations into
stellar models have found that the resultant tracks are
not very different from those that assume constant αMLT
(Salaris & Cassisi 2015).
Creevey et al. (2015) have commented that the oxy-
gen abundance that was derived by VandenBerg et al.
(2014b) is based on a higher Teff than their determina-
tion. However, that abundance, [O/Fe] = 0.64, agrees
very well with the trends between [O/Fe] and [Fe/H]
given by Dobrovolskas et al. (2015) and Amarsi et al.
(2015) for field Population II stars that have [Fe/H]
< −2.0. To reduce the predicted age of HD 140283,
an even higher O abundance would be required, which
would suggest that the Teff value adopted by Vanden-
Berg et al. should be increased. That is, a cooler Teff
and the consequent decrease in [O/H] that would be
needed to explain the observed line strengths would
tend to increase the discrepancy between the age of the
field subgiant and the age of the universe. It is also
worth pointing out that a hot Teff scale is supported by
the recent calibration of the Infrared Flux Method by
Casagrande et al. (2010), the color-temperature relations
implied by MARCS model atmospheres (see CV14), and
comparisons of stellar models with the properties of solar
neighborhood subdwarfs with well-determined distances
(VandenBerg et al. 2010, 2014a; Brasseur et al. 2010).
The spectroscopically derived temperature of HD 140283
reported by VandenBerg et al. (2014b) is consistent with
these photometric and theoretical determinations, but
not the one obtained by Creevey et al. Further work
is clearly needed to resolve this controversy; in particu-
lar, a further examination of themodel-dependent aspects
of the analysis of interferometric and spectroscopic data
carried out by Creevey et al. may shed some light on this
difficulty.
Returning to the matter at hand: since metal-poor
GCs are generally thought to be among the oldest ob-
jects in the universe, one would expect that M92 and
HD140283, which appear to have very similar metallic-
ities, would be nearly coeval. In this case, cluster sub-
giants with the same intrinsic color as HD 140283 should
have the same absolute V -magnitude. As shown in Fig-
ure 13, this would imply that M92 has (m − M)V =
14.54, which causes the cluster HB stars to be fainter
than ZAHB models for Y = 0.25, [Fe/H] = −2.3, [α/Fe]
= 0.4, and [O/Fe] = 0.6. (These abundances are close
to those derived spectroscopically for HD 140283; see
VandenBerg et al. 2014b.) This is less than the ZAHB-
based distance modulus (see Fig. 11) by 0.20 mag.
However, we have already demonstrated that HB
tracks for [Fe/H] = −2.30 are able to explain the peri-
ods of the RR Lyrae in M92 quite well if the cluster has
(m−M)V = 14.74 (see Fig. 9). This would not be possi-
ble if the short distance modulus is assumed. If the same
tracks that are plotted in the top panel of Fig. 11 were
displaced to fainter magnitudes by 0.20 mag, which cor-
responds to δ log(L/L⊙) ≈ −0.08, the predicted values
of 〈Pab〉 and 〈Pc〉 would decrease by > 0.062 d accord-
ing to equations (1) and (2). (The only way of explain-
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Figure 13. Determination of the apparent distance modulus of
M92 if its SGB is matched to the CMD location of the field sub-
giant HD140283. This assumes that both objects are chemically
indistinguishable and that they have the same age, but it leads
to irreconcilable differences between the ZAHB models for [Fe/H]
= −2.30 and the observed HB of M92.
ing such a large offset is by assuming a helium abun-
dance that is much smaller than the primordial value
of Y , which is not justifiable.) This provides a strong
argument against such a faint HB, and we therefore con-
clude that M92 subgiants of the same (V − IC)0 color as
HD140283 must be intrinsically brighter than the field
subgiant. If they are coeval and they have similar [Fe/H]
values, M92 must have lower [CNO/H] by >∼ 0.5 dex —
but this is not supported by current spectroscopy; e.g.,
see Sneden et al. (2000). The most likely explanation is
that M92 is younger than HD140283 (by up to ∼ 1 Gyr,
depending primarily on the difference in their respective
CNO abundances).
Curiously, field Pop. II subdwarfs seem to favor
a larger distance modulus for M92 than HD140283.
Chaboyer et al. (2013) have reported preliminary results
for three stars for which they obtained improved par-
allaxes using the HST Fine Guidance Sensors. Only
one of them has [Fe/H] < −2.0; namely, HD 106924,
which has [Fe/H] = −2.13, [O/Fe] = 0.60, MF606W =
5.96 (with an uncertainty of about ±0.015 mag), and
mF606W −mF814W ≈ 0.601. (These photometric prop-
erties were obtained by interpolating in their Fig. 1.) As
shown in Figure 14, there is very little separation between
isochrones for [Fe/H] = −2.0 and −2.6 at the location
of HD 106924 on the [(mF606W − mF814W )0, MF606W ]-
diagram. As a result, uncertainties in the measured
metallicity of the subdwarf should have no more than
relatively minor consequences. (We note, however, that
Chaboyer et al. adopted a significantly cooler Teff for it
than that implied by the MARCS color transformations,
so a metallicity > −2.0 cannot be entirely ruled out.)
If M92 is assumed to have [Fe/H] = −2.6
(Roederer & Sneden 2011) and the other chemical abun-
dance parameters have the indicated values, the ZAHB-
based distance modulus is (m − M)V = 14.78 if
Figure 14. Comparison of the location of the field subdwarf
HD106924 (large red open circle) with the CMD of M92 on
the assumption of the indicated reddening and ZAHB-based dis-
tance modulus. The solid and dashed curves represent, in turn,
isochrones for [Fe/H] = −2.6 and −2.0 for the specified values of
age, Y , [α/Fe], and [O/Fe]. The isochrones were adjusted to the
blue by 0.007 mag.
E(B − V ) = 0.023.11 When these values are adopted,
HD106924 lies just to the red of the mean fiducial se-
quence of M92 at the observed subdwarf magnitude —
or, alternatively, HD106924 is slightly brighter than clus-
ter main-sequence stars that have the same color. A bet-
ter centering of HD106924 onto the CMD of M92 would
be obtained if (m−M)V ≈ 14.84. The uncertainties as-
sociated with the reddening and the fit of the ZAHB to
the cluster HB population certainly permit a larger dis-
tance modulus by a few hundredths of a magnitude. It
is also possible that the slight color offset of HD 106924
relative to the M92 main sequence is due to small zero-
point differences in the photometry of the two objects.
Another way of eliminating the apparent discrepancy
is to adopt a higher He abundance by δY ∼ 0.015,
which implies a brighter HB, and thereby an increased
ZAHB-based distance modulus, by about 0.06 mag (or
11 VandenBerg et al. (2014b, see their Fig. 7) noted that the
nearby field giant HD122563 is redder than M92 giants at the
sameMV by δ(B−V )0 ≈ 0.10 mag. This is difficult to understand
if M92 is more metal rich than HD122563, which has [Fe/H] <∼
−2.6 according to most spectroscopic studies (e.g., Cayrel et al.
2004, Ramı´rez et al. 2010, Mashonkina et al. 2011). Reasonable
consistency of the CMD locations of M 92 giants and HD122563,
implying a common metallicity, would be obtained if the MV of
HD122563 were adjusted by an amount that corresponds to the 2σ
parallax error bar. While this paper was being drafted, an article
appeared by Afs¸ar et al. (2016), who derived [Fe/H] ∼ −2.9 and
−2.7 for HD122563 and HD140283, respectively, from IR spectra.
If the metallicity of HD140283 determined by VandenBerg et al.
(2014b) should be reduced by 0.3 dex, their estimate of [O/Fe]
should be increased by 0.3 dex to ∼ 0.95 in order for the age of
the subgiant to be compatible with the age of the universe. Such a
high value of [O/Fe] seems inconsistent with most findings for field
halo stars that have similar metallicities (see Dobrovolskas et al.
2015, Amarsi et al. 2015).
HB Stars in M3, M15, and M92 15
δ log(L/L⊙) ≈ 0.024). We have checked that a ZAHB
for Y = 0.265 provides an equally good fit to the lower
bound of the distribution of HB stars in M92 as one for
Y = 0.25 (see Figs. 9–12) when the aforementioned ad-
justment to the value of (m − M)V is adopted. That
is, such a small change in Y does not have detectable
consequences for the quality of the model fits to the ob-
served CMD (including fits of isochrones to the turnoff
photometry).
On the other hand, making the RR Lyrae stars brighter
through the adoption of a larger distance modulus would
increase the predicted periods of the variables; see equa-
tions (1) and (2). However, the temperature uncertain-
ties are large enough that one could recover the results
shown in Fig. 10, on the assumption of Y = 0.265
instead of Y = 0.25, if higher temperatures by only
δ logTeff ∼ 0.006 were adopted. Since this is within the
1σ error bar of the model Teff scale, we conclude that
RR Lyrae periods alone cannot be used to provide a
compelling argument in support of a particular He abun-
dance within the range 0.25 <∼ Y <∼ 0.265. Accurate dis-
tances based on, e.g., the best available calibration of the
RR Lyrae standard candle, which agree well with ZAHB-
based distance determinations (as described in § 3.1), are
needed to constrain the luminosities of such variables.
The main conclusion to be drawn from Fig. 14 is that
there is reasonably good consistency between the dis-
tance modulus based on HD106924 and that derived
from ZAHB models. In fact, this was the reason why
we opted to use the computations for [Fe/H] = −2.6 in
this comparison instead of those for [Fe/H] = −2.3, since
a higher metallicity implies a smaller ZAHB-based dis-
tance modulus by ≈ 0.04 mag (see Figs. 9, 11). However,
this is admittedly a weak argument in support of the pos-
sibility that M92 has [Fe/H] <∼ −2.6 and [O/Fe] = +0.6.
A potential difficulty with these abundances is that, if
M 92 and M15 have very similar chemical compositions,
as is generally believed to be the case, the ZAHB plotted
in Fig. 14 is too blue to explain the large number of RR
Lyrae in M15 (recall our discussion in § 1). In order for
that ZAHB to pass through the instability strip (as in the
case of a ZAHB for [Fe/H] = −2.3 and [O/Fe] = +0.6;
see Fig. 11), a higher oxygen abundance by >∼ 0.3 dex
would be needed, thereby resulting in [O/H] ∼ −1.7 for
both [Fe/H] values.
3.3. M15
As in the case of M92, most spectroscopic studies
have found [Fe/H] ≈ −2.3 for M15 (Sneden et al. 2000,
Kraft & Ivans 2003, Cohen et al. 2005, Carretta et al.
2009a), but some of the same investigators now appear
to favor values <∼ −2.6 (Preston et al. 2006, Sobeck et al.
2011). Because ZAHBs and core He-burning tracks are
much more dependent on [O/H] (and Y ) than [Fe/H],
a 0.3 dex reduction in the metallicity is not expected
to have major consequences for the interpretation of the
M15 CMD provided that this change is accompanied by a
0.3 dex increase in [O/Fe] (as obtained if the [O/H] value
is unchanged). This may, in fact, be problematic for M15
since, as shown below, it appears to be necessary to adopt
[O/Fe] >∼ 0.8, if [Fe/H] = −2.3 to explain its RR Lyrae
stars. (Note that [O/Fe] values closer to +0.3 were typ-
ically derived in spectroscopic studies of this GC in the
1990s; see, e.g., Sneden et al. 1997.) Consequently, mod-
els for [Fe/H] = −2.6 would yield a similar interpreta-
tion of the data only if [O/Fe] >∼ 1.1. Because this seems
uncomfortably high (e.g., field stars of the same [Fe/H]
typically have [O/Fe] ∼ 0.75; e.g., Dobrovolskas et al.
2015), we have decided to restrict the present analysis
to models for [Fe/H] = −2.3. ([O/Fe] ≈ 0.8 at [Fe/H]
= −2.3 is also on the high side, but [N/Fe] ∼ 1.6 in some
M15 giants (see Cohen et al. 2005) implies an initial O
abundance corresponding to [O/Fe] ∼ 0.8 if C+N+O is
conserved and the same giants still have [O/Fe] ∼ 0.3
and [C/Fe] < −0.5.)
Turning to the photometry of M15: in their exten-
sive study of the F606W, F814W observations of 55 GCs
from the Sarajedini et al. (2007) survey, V13 found that
Victoria-Regina isochrones generally had to be shifted to
the blue by 0.01–0.025mag to match the observed turnoff
color when reddenings from Schlegel et al. (1998), metal-
licities from Carretta et al. (2009a), and ZAHB-based
distance moduli were adopted. In the case of clusters
with [Fe/H] < −2.2, M15 was the sole exception to this
“rule” in that the requisite blueward shift was 0.038 mag,
as compared with, e.g., 0.018 mag for M92 and 0.020
mag for M30. According to Carretta et al., all three of
these clusters have the same [Fe/H] to within 0.02 dex,
and V13 found that they have the same age (12.75 Gyr).
Why, then, does M15 apparently have an intrinsically
bluer turnoff than M92 and M30? [Interestingly, V13
(see their Fig. 14) found that NGC 2808 similarly stood
out among GCs with −1.0 > [Fe/H] ≥ −1.5, and they
suggested that isochrones for Y = 0.25 may require an
unusually large blueward color correction to match its
turnoff because the NGC2808 appears to contain stars
with a wide range in helium abundance (perhaps up to
Y = 0.40; see Piotto et al. 2007). Is it possible that he-
lium abundance variations are significantly larger in M15
than in other GCs of similar metallicity?]
To try to answer these questions, we will attempt to
explain the properties of the RR Lyrae variables that
have been identified in M15 (though it is expected that
the highest-Y stars would have very blue ZAHB loca-
tions and thus may not produce RR Lyrae stars). How-
ever, let us first revisit the V13 analysis in the light of
some improvements that can be made to the CMDs of
M15 and M92 and the use of different ZAHB models
and isochrones.
Especially well-defined CMDs can be obtained by (i)
separating the MS and RGB stars in the Sarajedini et al.
(2007) catalog from those that lie to the blue of the gi-
ant branch, (ii) sorting the two samples into 0.1 mag
bins, and (iii) ranking the stars in each bin in terms of
σ∗, where σ∗ is the smaller of the tabulated values of
σF606W and σ(F606W−F814W ). If all stars with σ∗ > 0.02
mag are excluded and the remaining stars with the small-
est photometric uncertainties, up to a maximum number
of 75 from each bin, are plotted, we obtain the CMDs
for M15 and M92 that are shown in Figure 15. The
adopted selection procedure has maximized the number
of HB stars while limiting the vast number of MS (and
RGB) stars to those with the best photometry. It is quite
obvious from Fig. 15 that the M15 CMD is considerably
broader than that of M92 at any magnitude (which may
be due in part to the effects of differential reddening; see
Larsen et al. 2015.)
If the ZAHB and best-fit isochrone that appear
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Figure 15. Left-hand panel: As in the bottom panel of Fig. 11,
except that the models for the indicated chemical abundances and
age are compared with HST photometry of M92 (Sarajedini et al.
2007) rather than ground-based V IC data. Right-hand panel: Fit
of the same ZAHB and isochrone to HST photometry of M15 (also
from Sarajedini et al.). Stars lying below the flat part of the ZAHB
and many of those above the densest concentration of HB stars are
RR Lyrae variables that have been observed at random phases of
their pulsation cycles. Note that a different color offset had to be
applied to the isochrone to fit the turnoff colors of the two clusters
(see the text for some discussion of this point).
in the bottom panel of Fig. 11 are transformed to
F606W, F814W magnitudes and compared with M92
photometry on the assumption of the same reddening and
apparent distance modulus, we obtain the plot shown in
the left-hand panel of Fig. 15. To within the fitting un-
certainties, the same age (≈ 12.5 Gyr) is found on both
color planes. The right-hand panel shows that the same
ZAHB provides a very good fit to the HB population of
M15 if E(B−V ) ≈ 0.100, which agrees very well with re-
cent determinations of line-of-sight reddenings from dust
maps (Schlegel et al. 1998, Schlafly & Finkbeiner 2011),
and (m −M)V = 15.42. Under these assumptions, the
same age is found for M15 as for M92, though the best-
fit isochrone must be shifted by 0.032 mag to the blue
to match the observed turnoff color, as compared with
0.013 mag in the case of M92.
Figure 16 provides an alternative way of illustrating
this difference. The left-hand panel reproduces the M92
photometry from the previous figure for just the upper
main sequence, subgiant, and lower RGB stars, on the
assumption of exactly the same reddening and distance
modulus. Using the methods described by V13 (see their
§ 5.3.1), the median locus through these stars was de-
termined; this is the sequence consisting of black filled
circles that has been superimposed on the smaller gray
cluster stars. When compared with the M15 observa-
tions from Fig 15 for 5.8 ≤MF606W ≤ 1.0 (see the right-
hand panel), this sequence is obviously too red by about
0.02 mag to represent the M15 CMD.
One might conclude from this intercomparison that the
adopted reddening of M15 is too high, since a much bet-
ter superposition of the M15 and M92 turnoffs would be
obtained if M15 has E(B − V ) ≈ 0.08 rather than 0.10.
However, as shown in Figure 17, such a low reddening
Figure 16. Left-hand panel: Plot of the same M92 photome-
try that appears in the previous figure for just the region of the
CMD from the upper main sequence to the lower RGB, along with
the mean fiducial sequence that has been derived from these stars
(black filled circles). The adopted values of E(B−V ) and (m−M)V
are the same as those indicated in Fig. 15. Right-hand panel: As
in the left-hand panel, except that the median M92 fiducial is su-
perimposed on the M15 CMD.
Figure 17. As in the right-hand panel of Fig. 15, except that
E(B − V ) = 0.081 has been assumed so that M15 has the same
intrinsic turnoff color as M 92. However, this leads to obvious prob-
lems with the fit of a ZAHB to the bluest HB stars.
presents problems for the interpretation of the bluest HB
stars in this cluster, as most of them would then lie on
the red side of the ZAHB at MF606W >∼ 1.8. (Accord-
ing to canonical stellar evolutionary theory, the tracks of
core He-burning stars always remain brighter than the
associated ZAHB locus at a given color.) It would there-
fore appear to be the case that M15 has an intrinsically
bluer turnoff than M92. (Differential reddening in M15
could be partially responsible for the apparent offset in
the turnoff colors, but it is unlikely to be the entire ex-
planation; see below.)
A difference in [Fe/H] (for which there is little support,
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anyway) would have no more than a slight impact on the
relative turnoff colors of M92 and M15 because the lo-
cation of the MS on the [(F606W−F814W )0, MF606W ]-
plane has almost no dependence on metallicity at [Fe/H]
<∼ −2.3 (as in the case of the similar [(V − IC)0, MV ]-
diagram; see VandenBerg et al. 2010). Both clusters also
seem to have quite similar abundances of most of the
so-called α-elements, such as Ca and Si (Sneden et al.
2000). We therefore suspect that helium abundance dif-
ferences are responsible; in particular, that significantly
larger variations in Y are found in M15 than in M92. An
examination of the properties of the RR Lyrae in M15
should shed some light on this possiblity.
3.3.1. The RR Lyrae Stars in M15
Even though the Clement et al. (2001) on-line cata-
log (see our footnote 9) has updated information on the
variable stars in M15 as recently as September 2014, it is
acknowledged therein that the most modern study of the
cluster RR Lyrae is still the one by Corwin et al. (2008).
The main advance that has been made since then is some
clarification of variable identifications. Using the astro-
metric catalogs given by Samus et al. (2009), Clement et
al. found that a few of the new variables that Corwin
et al. claim to have discovered were, in fact, previously
known. Since we are using the Corwin et al. photome-
try (their Table 3) in the present study, we have ensured
that such misidentifications do not affect the mean mag-
nitudes and colors of the sample of variables that we have
selected.
Stars for which the authors could not measure reli-
able B-, V -, or IC -magnitudes were not considered, given
the likelihood that the mean magnitudes for those stars
would not be very trustworthy, along with a few stars
that were either obviously too red (well outside the insta-
bility strip) or too faint (significantly fainter than ZAHB
loci). Our final sample consists of 56 RR Lyrae (29 ab-
type, 27 c-type) that are presumed to have reliable B
and V measurements. Of these stars, 38 (23 ab-type, 15
c-type) appear to have reliable V and IC magnitudes.
As in the case of M3 and M92, we checked that
there is good consistency of the interpretations of the
[(B−V )0, MV ]- and [(V − IC)0, MV ]-diagrams for M15
with that shown in the right-hand panel of Fig. 15.
That is, the same age is obtained, when the same dis-
tance modulus and reddening are assumed, irrespective
of whether the ZAHBs and isochrones are fitted to BV IC
or HST observations. (The BV IC data were taken from
the publicly available “Photometric Standard Fields”
archive made available by P. Stetson; see, e.g., Stetson
2000.12 Although there are relatively few blue HB stars
in this dataset, there is a sufficient number to show that
E(B − V ) ≈ 0.10 is supported by the fit of ZAHB mod-
els.) The only important difference between the fits to
the BV and V IC observations is that the ZAHB does not
extend to sufficiently red B − V colors to be fully con-
sistent with the predictions of the same ZAHB on the
[(V − IC)0, MV ]-plane.
This inconsistency is especially apparent if the ZAHB
loci and associated evolutionary tracks are compared
with the locations of the M15 RR Lyrae, assum-
12 www.cadc.hia.nrc-cnrc.gc.ca/en/community/STETSON
/standards/
Figure 18. Overlay of evolutionary tracks for core He-burning
stars and the corresponding ZAHB onto the CMD for the HB and
RGB populations of M15 that have 0.0 ≤ MV ≤ 1.0. The same
RR Lyrae stars appear in both panels. The ZAHB (for [Fe/H]
= −2.3 and [O/Fe] = 0.6) is identical to the one that is compared
with HST photometry of M 15 in the right-hand panel of Fig. 15,
and with V IC observations of M 92 in Fig. 11.
Figure 19. Plot of the measured periods of the ab- and c-type
variables (filled and open circles, respectively) in M3 as a function
of (B − V )m (left-hand panel) and in M15 as a function of both
(B − V )m (middle panel) and (V − IC)m (left-hand panel).
ing intensity-weighted 〈V 〉i magnitudes and magnitude-
weighted (B − V )m or (V − IC)m colors for the vari-
ables. The upper panel of Figure 18 shows that many of
the RR Lyrae have redder (B− V )0 colors than the red-
dest ZAHB model, whereas all of the variables have bluer
(V − IC)0 colors than the reddest ZAHB model (see the
lower panel). (Note that the same ab- and c-type vari-
ables are considered on both color planes.) Part of the
explanation of this discrepancy could be that (B − V )m
needs a larger blueward correction than (V − IC)m to
represent the corresponding color of a static star, though
this should not amount to more than∼ 0.02 mag, judging
from the results for M3 by Cacciari et al. (2005). Errors
in the adopted (B−V )–Teff transformations (from CV14)
could also be a contributing factor. Alternatively, errors
in the derived values of the mean magnitudes and/or col-
ors may be primarily responsible for this conundrum.
In fact, the star-to-star scatter in the M15 data is much
larger than in the case of M3. As illustrated in Fig-
ure 19, the periods of the variables in M3 show a much
tighter correlation with (B − V )m than those in M15.
Particularly disconcerting is the fact that many of the
c-type variables in M15 span a very wide range in color
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Figure 20. As in the right-hand panel of Fig. 15, except that
models for [O/Fe] = 0.8 (instead of 0.6) have been fitted to the
observed CMD of M15. RR Lyrae stars have been plotted as small
red dots.
despite having nearly the same pulsation periods; these
are the stars with P ∼ 0.38 d. Interestingly, the vari-
ables in M68, which appears to have the same [Fe/H] as
M15 to within 0.1 dex (Carretta et al. 2009a), also has
a remarkable concentration of variables at a fixed period
(see Catelan 2004, who provides some discusson of this
anomaly in both clusters). Although helium abundance
variations may provide a partial explanation, this is un-
likely to be the primary explanation because the proper-
ties of the hotter first-overtone pulsators are considerably
less dependent on Y than the cooler fundamental-mode
pulsators. This will become clear in the following discus-
sion.
Because B − V colors will generally be more problem-
atic than V −IC , and because we had satisfactory success
explaining the properties of the RR Lyrae in M92 when
their effective temperatures were derived from V − IC
colors, we decided to present just our analysis of V IC
photometry of M15. Our main goal, anyway, is to try
to understand why the observed values of 〈Pab〉 are so
similar for M92 and M15, and this can be accomplished
in a more robust way if the same color is used to derive
the temperatures of their respective variable stars. (The
brief examination that we did carry out of the B − V
data for M15 suggests that the measured (B −V )m val-
ues must be reduced by >∼ 0.03 mag to obtain good con-
sistency with the results presented below. Such offsets
could be due, in part, to errors in the adopted color–Teff
relations.)
It turns out that a ZAHB for [Fe/H] = −2.3 and [O/Fe]
= 0.6 (i.e., for an extra 0.2 dex above the amount implied
by [α/Fe] = 0.4) does not extend far enough to the red
in order for HB evolutionary tracks to explain the RR
Lyrae if some/most of them have Y > 0.25, so we opted
to use models for [O/Fe] = 0.8 in our analysis. This does
not affect the ZAHB-based distance modulus, but it does
imply a reduced turnoff age by ≈ 0.5 Gyr. As shown in
Figure 21. Overlays of ZAHBs and evolutionary tracks for dif-
ferent helium abundances onto the HB population of M15. Filled
and open circles (in red) identify the ab- and c-type RR Lyrae,
respectively. The dashed loci in the middle and upper panels re-
produce the ZAHBs that appear in lower panels (for lower Y , as
indicated). The reddening and distance modulus that are specified
in the lower panel apply to all three panels.
Figure 20, the best-fit isochrone for the higher oxygen
abundance predicts an age of ≈ 12.0 Gyr for M15 if it
has (m −M)V = 15.42 and E(B − V ) = 0.10. Under
these assumptions, a ZAHB for Y = 0.25, [Fe/H] = −2.3,
and [O/Fe] = 0.8 (with [m/Fe] = 0.4 for the other α-
elements) provides quite a good fit to the faintest cluster
HB stars. (Recall from § 3.2.1 that a 0.2 dex increase
in [O/Fe] has only minor consequences for the predicted
periods of RR Lyrae variables.)
Possible fits of ZAHB loci and the associated evolution-
ary tracks for the core He-burning phase are illustrated
in Figure 21. The bottom panel shows that a ZAHB for
Y = 0.25 provides a good fit to the non-variable stars just
to the blue of the instability strip and that all of the RR
Lyrae are located well above this ZAHB. Indeed, many of
the ab-type variables are located near, or past, the ends
of tracks, where relatively few stars are expected because
of the increasingly rapid rate of evolution as the central
helium content is depleted (e.g., Pritzl et al. 2002). (Re-
call that the tracks end when YC ≈ 0.01.) As discussed
in § 1, the large number of variables has always been
a strong argument that most of them cannot be highly
evolved stars, but rather that the majority must be rel-
atively close to their respective ZAHB locations. (Note
that the selected stars represent only ∼ 25–30% of the
total number of RR Lyrae in M15, which is especially
rich in these variables; see Corwin et al. 2008.)
Higher Y is one way of achieving this since, as shown in
the middle and upper panels of Fig. 21, many (or most)
of the variables would be located along, or just above,
ZAHBs for Y >∼ 0.27. This, together with the increased
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Figure 22. Similar to Fig. 6 (for M3) and Fig. 10 (for M92),
except that the M15 variables are considered. Symbols identify
RR Lyrae with periods that are reproduced to within ±0.03 d by
models for Y = 0.25 (open circles), 0.27 (crosses), or 0.285 (open
squares). Filled circles are used if the models for all three values
of Y satisfy this criterion, while filled triangles represent stars for
which the discrepancies between the predicted and observed peri-
ods are > 0.03 d. The δ log Teff offsets that were applied to the
models for Y = 0.25, 0.27, and 0.285 so that the predicted values
of 〈Pab〉 and 〈Pc〉 agree with the observed values are given in the
lower right-hand corner. The differences between the predicted and
observed periods have σ(∆Pab) = 0.050 d and σ(∆Pc) = 0.030 d.
Averages of the predicted periods and the stellar properties have
been adopted for those variables that are plotted as filled circles,
the superposition of two different symbols, or filled triangles.
prominence of blue loops in tracks for a given mass and
higher helium abundance, means that the masses of the
RR Lyrae stars that are derived by interpolating within
the evolutionary tracks will increase with increasing Y .
(That the effect on the mass can be quite large for some
of the stars is obvious from an inspection of Fig. 21.) In-
deed, it is mainly through the mass terms in equations
(1) and (2) that the predicted periods will be affected by
the variable’s helium abundance. If all of the stars are at
the same distance, subject to the same reddening, and
have the essentially same metal abundances, the contri-
butions to log P arising from the log(L/L⊙), log Teff ,
and logZ terms will be nearly, or entirely, independent
of Y .
The fact that the coefficients of the mass terms are
relatively small in equations (1) and (2) makes it difficult
to use the observed periods to obtain a clear separation
of the M15 variables into groups of normal (i.e., close to
primordial), intermediate, and high helium abundances.
At best, predicted periods will be uncertain by δP ≈
±0.03 d, which corresponds (for instance) to an error bar
of ∼ 0.01 dex in the log Teff value of an individual RR
Lyrae. Consequently, the models for Y = 0.25, 0.27, and
0.285 are likely to fare equally well, or equally poorly,
in explaining the observed periods — though one can
anticipate that, due to vagaries in the data, one helium
abundance might be favored over the others depending
on whether the predicted period for that Y is just inside
or just outside its assumed 1 σ uncertainty.
These remarks anticipate the results of our interpo-
lations, which are presented in Figure 22. This shows
that our models for any of the three values of Y that
we have considered are able to reproduce the observed
pulsation periods of 6 RR Lyrae (the ones represented
by filled circles) to within ±0.03 d (our adopted con-
sistency criterion). Not surprisingly, most of them are
c-type variables, for which the range in the interpolated
masses from the grids of HB tracks for Y = 0.25, 0.27,
and 0.285 is typically <∼ 0.05M⊙, as compared with a
range that can be as large as ∼ 0.1M⊙ for many of the
cooler ab-type variables. The periods of a few other vari-
ables can be explained quite well by models for Y = 0.25
and 0.27, which are identified by the superposition of
open circles and crosses, while a preference for just one
of the three values of Y is obtained for several other stars
(those plotted as open circles, open squares, or crosses).
Satisfactory explanations of the measured periods could
not be obtained for those stars that are represented by
filled triangles.
There were a few variables in the initial sample for
which the discrepancies between the predicted and ob-
served periods were even larger than those obtained for
any of the stars plotted in Fig. 22. They were dropped
from consideration prior to performing the analysis that
produced the results shown in this figure, because their
removal made it much easier to achieve consistency be-
tween the predicted and observed values of 〈Pab〉 and
〈Pc〉. As indicated in Fig. 22, the δ logTeff adjustments
that were applied to the RR Lyrae temperatures to at-
tain this consistency are all quite small. There is no
reason to retain the extreme outliers in the sample any-
way, as it is not possible to explain, in the context of
the adopted stellar models, why the periods implied by
their CMD locations would be so much larger or smaller
than the observed periods (by ∼ 0.10–0.22 d) when rea-
sonably good agreement is found for the majority of the
variables. (The particularly problematic RR Lyrae stars
are the fundamental pulsators V21, V47, and V60, and
the first-overtone pulsators V70 and V120. Further study
of these variables is clearly needed to to understand their
apparently anomalous properties.)
In order to make our analysis of the M15 variables as
close to a purely differential study with respect to M92
as possible, we fitted the same Y = 0.25, [Fe/H] = −2.3,
[O/Fe] = 0.8 models that we have employed for M15 to
observations of M92. By interpolating within the corre-
sponding grids of HB tracks, we found that the observed
values of 〈Pab〉 and 〈Pc〉 for M92 could be reproduced
if the temperatures of the ab- and c-type pulsators were
adjusted by δ logTeff = 0.0 and +0.0069, respectively.
These determinations differ by ∼ 0.004 from the adjust-
ments adopted in the construction of Fig. 10, which is
essentially identical with the plot that is obtained on the
assumption of models that assume [O/Fe] = 0.8. Small
shifts in the RR Lyrae Teff scale that are needed to recon-
cile the predicted and observed values of 〈Pab〉 and 〈Pc〉
in M15, on the one hand, and in M92, on the other,
are plausibly due to differences in the photometric zero-
points and/or in the respective magnitude-weighted col-
ors.
Although our analysis suggests that many of the RR
Lyrae in M15 have a higher helium abundance than those
in M92, the large number of variables in M15 provides
more compelling support for the same conclusion. It is
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widely accepted that, as in the case of M3, “the bulk
of the RR Lyrae in M15 are in an early stage of evo-
lution from the ZAHB” (Bingham et al. 1984). How-
ever, the ZAHB that fits the nonvariable blue HB stars
in M15, which provides an equally good fit to their coun-
terparts in M92, is considerably fainter than the lowest-
luminosity RR Lyrae (in both clusters). Whereas the
small number of variables in M92 is consistent with them
being evolved stars from ZAHB structures well to the
blue of the instability strip, the large number of variables
in M15, which have similar or greater luminosities than
those residing in M92, argues that there must be at least
two distinct ZAHB populations in M15. The most likely
explanation for the offset in luminosity between them is
a difference in the abundance of helium — a conclusion
that is supported by our detailed examination of the clus-
ter RR Lyrae stars. [The extended blue tail of M15’s HB,
which contains a non-uniform distribution of stars with
gaps at some magnitudes, has long been thought to indi-
cate the presence of multiple stellar populations (see, e.g.,
Buonanno et al. 1985, Crocker et al. 1988). These ob-
servations may be indicative of even larger helium abun-
dance variations than the δY ∼ 0.03–04 that is probably
sufficient to account for the stars along the flat part of
its HB.]
4. SUMMARY AND DISCUSSION
Mainly during the last 3 decades of the 20th century,
but continuing to the present day, many investigators in
the GC, stellar evolution, and variable star communities
have tried to understand the Oosterhoff (1939, 1944) di-
chotomy, particularly as regards M3 (Oo type I) and
M15 (Oo II) because they are so rich in RR Lyrae.
No one worked harder to explain the difference in the
mean periods of their RR Lyrae populations than Allan
Sandage and, in the end, it seems that his solution to
this problem, that M15 RR Lyrae stars have higher he-
lium abundances than those in M3 (see Sandage et al.
1981), stands a good chance of being the right answer.
[Prior to ∼ 2005, GCs were considered to be simple stel-
lar populations in which all stars within each cluster were
thought to be coeval and essentially chemically homoge-
neous, aside from the ubiquitous star-to-star variations
in CN. It was generally assumed that helium did not
vary, given that the application of the R-method (Iben
1968) yielded very similar helium abundances, Y ≈ 0.25,
for most clusters, especially those with red HBs (e.g.,
see Salaris et al. 2004, and references therein). Conse-
quently, everyone viewed the possibility that Y varies
inversely with [Fe/H], which also seems counter-intuitive
from a chemical evolution perspective, with considerable
skepticism. Only recently has it been established that
GCs contain multiple, chemically distinct stellar popula-
tions that have, or probably have, different helium abun-
dances. As mentioned in § 1, the most massive clusters
have provided the most compelling evidence for such vari-
ations.]
To be sure, our apparent success in modeling the HBs
of M3, M15, and M92 is due in part to the improve-
ments made to both the stellar models over the years
and the theoretical relations that describe the depen-
dence of the period on luminosity, mass, Teff , and metal-
licity for the fundamental and the first-overtone pul-
sators (Marconi et al. 2015). With just minor adjust-
ments (well within the associated uncertainties) to the
RR Lyrae Teff scale (or, equivalently, to the coefficients
of logTeff in these equations), it is possible to reproduce
the observed values of 〈Pab〉 and 〈Pc〉 quite well. The ad-
vances that have been made likely explain why we find
δY (M 15 minus M3) ∼ 0.03, as compared with a differ-
ence closer to 0.05, in the same sense, that was derived
by Sandage et al. (1981, also see Sweigart et al. 1987).
Table 1 lists the observed and predicted values of 〈Pab〉
and 〈Pc〉 and their standard deviations (σ), as derived
from the individual RR Lyrae stars in each cluster, along
with the mean values and standard deviations of the tem-
peratures, masses, absolute bolometric magnitudes, and
absolute V -band magnitudes of the variables. (Note that
the mean periods which are calculated from equations
(1) and (2) on the assumption of the quantities given
in the sixth, eighth, tenth, and last columns agree very
well with the values listed in the fourth column.) Nearly
the same value of 〈log Teff〉 is obtained for the ab-type
RR Lyrae (≈ 3.815) and c-type variables (≈ 3.855) in all
three clusters.
In addition, the variables in M15 are predicted to have
higher mean masses (and significantly larger mass dis-
persions) than those in M92 and M3. Consistent with
the plots of the RR Lyrae on various CMDs (see, e.g.,
Figs. 5, 12, and 18), the magnitudes of the first-overtone
pulsators in M3 have the largest standard deviations,
while the luminosity dispersions of both the ab- and c-
type RR Lyrae are the smallest in M92. Not surprisingly,
the variables in M15 and M92 have brighter absolute
magnitudes by >∼ 0.2 mag than those in M3. (As one
would expect, the tabulated properties have some depen-
dence on the samples of RR Lyrae that are considered.
For instance, had we retained the most problematic M15
variables in our analysis, we would have obtained 〈Mbol〉
= 0.241±0.068 and 〈MV 〉 = 0.313±0.065 for the ab-type
variables in this cluster, as well as 〈Mbol〉 = 0.354±0.062
and 〈MV 〉 = 0.392±0.053 for its first-overtone pulsators.)
The importance of taking diffusive processes into ac-
count should be appreciated. One of the consequences of
diffusion is that, due to the settling of helium in the in-
teriors of stars during their main sequence and subgiant
evolution, the envelope helium abundance after the first
dredge-up (i.e., after the convective envelope has reached
its maximum depth on the lower RGB) is predicted to be
less than the initial helium content by δY ∼ 0.003 (as-
suming a 0.8M⊙ model for [Fe/H] = 1.55). If diffusion
is ignored, the envelope helium abundance is predicted
to be higher than the initial abundance by δY ∼ 0.01.
Since the luminosity of the HB is a sensitive function of
Y (see Figs. 8, 21), ZAHBs will be significantly fainter,
implying reduced ZAHB-based distance moduli, if dif-
fusion is treated. (As discussed in § 3.1, the value of
(m −M)V = 15.04 that we have derived for M3 using
ZAHB models satisfies the constraint provided by cur-
rent calibrations of the RR Lyrae standard candle quite
well.)
Furthermore, the prominence of blue loops in post-
ZAHB evolutionary tracks depends quite strongly on the
helium abundance (see, e.g., Fig. 21). This has important
ramifications for the intermingling of ab-type and c-type
RR Lyrae. For instance, as discussed in § 3.1, there ap-
pears to be very little overlap of the colors of these vari-
ables in M3 (see Fig. 5), which suggests that blue loops
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Table 1
Mean Properties of the M3, M15, and M92 RR Lyrae Stars
Name 〈P 〉a σ 〈P 〉b σ 〈log Teff 〉 σ 〈M/M⊙〉 σ 〈Mbol〉 σ 〈MV 〉 σ Z
ab-type
M3 0.568 0.067 0.568 0.075 3.812 0.012 0.656 0.016 0.534 0.058 0.583 0.056 7.623× 10−4
M15 0.654 0.060 0.654 0.068 3.813 0.013 0.706 0.051 0.257 0.055 0.326 0.058 2.466× 10−4
M92 0.645 0.033 0.645 0.042 3.815 0.005 0.673 0.011 0.283 0.042 0.347 0.041 1.786× 10−4
c-type
M3 0.336 0.050 0.336 0.058 3.855 0.013 0.630 0.016 0.514 0.104 0.520 0.102 7.623× 10−4
M15 0.365 0.038 0.365 0.046 3.848 0.014 0.712 0.038 0.363 0.060 0.395 0.052 2.466× 10−4
M92 0.352 0.050 0.352 0.053 3.860 0.016 0.662 0.005 0.340 0.040 0.360 0.029 1.786× 10−4
aObserved mean period (in d) of the samples of RR Lyrae considered in this study.
bPredicted mean period (in d) of the samples of RR Lyrae considered in this study.
must be small or non-existent if the transition between
fundamental and first-overtone pulsation, or vice versa,
depends on the direction in which the core He-burning
stars are evolving through the instability strip (the so-
called “hysteresis effect”; see van Albada & Baker 1973,
and especially the very instructive plots provided by
Caputo et al. 1978 and Sandage 1981). Our diffusive
models for an initial helium abundance of Y = 0.250
predict small blue loops (see Fig. 5), though better con-
sistency with the observations would be obtained if they
were even smaller, which suggests that a slightly lower
value of Y should be adopted (but within the uncer-
tainties of the primordial helium abundance) or that our
models underestimate the rate at which settling occurs
in stars.
Higher Y by∼ 0.013, as predicted by non-diffusive stel-
lar models, would result in extended blue loops, which
seems incompatible with the fairly sharp boundary be-
tween the ab- and c-type variables in M3. (The age
of HD 140283 provides another argument that diffusion
physics should not be neglected in stellar models; see
§ 3.2.2 and VandenBerg et al. 2014b.) There is no over-
lap of the colors of these RR Lyrae in M92, nor is any
expected because the evolution through the instability
strip is clearly in the direction from blue to red from
ZAHB locations on the blue side of the instability strip
(see Figs. 9, 11, 12). It is not clear what to make of the
M15 variables in this regard (see Fig. 21), partly because
the magnitude-weighted colors derived by Corwin et al.
(2008) seem particularly uncertain, and because it is not
possible to unambiguously determine the helium abun-
dances of the individual RR Lyrae stars. Further obser-
vational work to determine improved estimates of the col-
ors of equivalent static stars of the M15 variables would
be very helpful, as would an extension, towards lower
metallicities and additional bandpasses, of the theoretical
studies of Bono et al. (1995) on the differences between
different types of averages and the static magnitudes and
colors.
As discussed by Arellano Ferro et al. (2015), a separa-
tion of the ab- and c-type RR Lyrae in terms of their
colors is found in most GCs, irrespective of whether they
are OoI or OoII systems. Notable exceptions are the OoI
cluster NGC3201 (Arellano Ferro et al. 2014) and the
OoII clusters M15 and ω Cen (see Sandage 1981). When
there is a mixture of fundamental and first-overtone pul-
sators in a restricted color range within the instability
strip, some of the variables are expected to be evolving
from red to blue, and their periods should be decreasing
with time, while others will be evolving in the opposite
direction with positive period-change rates, ∆P/∆t (see
Fig. 3 by Caputo et al. 1978).
In principle, it should be possible to use measurements
of ∆P/∆t to determine the directions in which individual
variables are evolving. In practice, however, this seems
to be very difficult. As Corwin & Carney (2001) have
concluded, period-change rates in M3 appear to be due
more to “noise” than to evolutionary effects. In their
follow-up of the Corwin & Carney study, Jurcsik et al.
(2012) noted that “positive and negative period-change
rates with similar size are equally frequent at any pe-
riod and brightness”. For instance, V1 and V10 have
comparable mean magnitudes and colors, but the val-
ues of ∆P/∆t tabulated for them by Jurcsik et al. are
−0.417 d/Myr and +0.343 d/Myr, respectively. These
stars should both have increasing periods judging from
their CMD locations, which are well above the ZAHB,
relative to our evolutionary sequences. The same can
be said of even brighter variables, and yet, as reported
by Jurcsik et al., none of the four brightest RR Lyrae
in M3 have ∆P/∆t > 0.0. This includes the brightest
ab-type variable in our sample, V42, which has a period-
change rate of −1.132 d/Myr. In view of such results,
and the possible concerns with the mean magnitudes and
colors of M15 variables mentioned above, we have not at-
tempted to pursue this line of investigation — though it
may be worthwhile to do so when improved data become
available.
Being able to explain the RR Lyrae in M3 and M92 so
well provides valuable support for our determinations of
their distance moduli and ages. We find no compelling
evidence for helium abundance variations in either clus-
ter from our analysis of the variable stars, though star-
to-star differences at the level of δY <∼ 0.02 would be
very difficult to detect. Our analysis suggests that the
faintest HB stars on the blue side of the instability strip
and some of the RR Lyrae in M15 represent an M92-like
population. The fact that the difference in magnitude be-
tween these stars and the turnoff is identical to within
measuring uncertainties in both clusters leads us to con-
clude that M15 and M92 are coeval (as most previous
studies have found). However, M15 appears to contain
additional populations of stars with higher helium abun-
dances, up to at least Y ∼ 0.29 in the vicinity of the
instability strip and possibly to higher values along the
extended blue tail of the cluster HB. (Fits of isochrones
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to the turnoff photometry on the assumption of ZAHB-
based distance moduli suggest that M3, M15, and M92
all have ages of ≈ 12.5 Gyr, depending on the assumed
CNO abundances. It seems unlikely, in fact, that GCs
are as old as the field halo subgiant HD140283 — which
is not implausible given the recent discovery of a galaxy
at a redshift z = 11.1 that seems to have built-up a stel-
lar mass of ∼ 109M⊙ within just ∼ 400 Myr after the
Big Bang; see Oesch et al. 2016.)
Our explanation of the M15 RR Lyrae does raise
an important question: why are the ZAHB stars with
higher helium abundances distributed to redder colors
than those for Y ≈ 0.25? Possible answers to this ques-
tion are (i) mass loss rates vary inversely with Y , though
we are unaware of any empirical or theoretical support for
this suggestion, (ii) the abundances of the CNO elements
are higher in stars with increased helium abundances,
(iii) the stars with higher Y are somewhat younger than
those with normal Y , or (iv) some combination of these
possibilities. Jang et al. (2014) have suggested that sec-
ond generation stars would have enhanced helium and
CNO abundances though, in their proposed explanation
of the Oosterhoff dichotomy, the different generations of
stars would span different color ranges. We see no evi-
dence that this is the case; indeed, a ZAHB for Y = 0.25
appears to provide a good fit to the faintest HB stars at
all (V − IC)0 <∼ 0.3, where stars with higher helium are
presumably also found.
More importantly, there is very little spectroscopic
evidence for variations in the total CNO abundance
in M15. Athough they studied only a few giants,
Sneden et al. (1997) found that C+N+O is constant to
within the measurement uncertainties in 5 of the 6 stars
in their sample. One giant apparently has much higher
CNO, given that the derived nitrogen abundance cor-
responds to [N/Fe] ∼ +1.6. However, previous stud-
ies of much larger samples of upper RGB stars con-
cluded that there are no real differences in the C and
N abundances of M15 and M92 (Carbon et al. 1982,
Trefzger et al. 1983). Both clusters do show a steep de-
cline of [C/Fe] with [Fe/H] (also see Bellman et al. 2001),
but C–N and O–N cycling together with deep mixing
(Denissenkov & Denissenkova 1990, Langer et al. 1993,
Denissenkov & VandenBerg 2003) can explain those ob-
servations without requiring star-to-star variations in
CNO (Pilachowski 1988, Sneden et al. 1991, Cohen et al.
2005).
Although C+N+O seems to be approximately con-
stant, the observed variations of CN in present-day main
sequence and subgiant stars, as well as star-to-star dif-
ferences in Mg and Al at any luminosity (e.g., see the
relevant studies of M92 and M15 by King et al. 1998,
Grundahl et al. 2000, Cohen et al. 2005, Carretta et al.
2009b), is an entirely different issue because they can-
not be produced by evolutionary processes within lower
mass stars. Such variations must have arisen during an
extended period (or possibly successive epochs) of star
formation at early times or, if the stars currently ob-
served within a given GC are coeval, they must have been
present in the gas out of which the cluster stars formed.
That the helium-enhanced stars in M15 appear to pop-
ulate ZAHBs that extend to much redder colors than
the ZAHB which fits the faintest stars to the blue of the
instability strip suggests that the spread in stellar ages
may be larger in M15 than in M92 or M3. [Regardless
of which scenario provides the most correct explanation,
there is little doubt that H-burning nucleosynthesis at
very high temperatures (∼ 75 × 106 K, as predicted for
supermassive stars; see Denissenkov & Hartwick 2014) is
responsible for the observed abundance correlations and
anti-correlations, including ratios of the abundances of
magnesium isotopes (Denissenkov et al. 2015).]
The potential importance of rotation for our under-
standing of the HBs in GCs should be kept in mind
as well. In the few studies that have been under-
taken during the past few decades to measure the ro-
tation of member stars, unexpectedly high rotational
velocities have been determined for blue HB stars in
the most metal-poor systems (specifically, M92; see
Cohen & McCarthy 1997) and in higher metallicity GCs
with extremely blue HBs, including M13 (Peterson 1983)
and NGC288 (Peterson 1985). A spread of rotational
velocities in the precursor red giants would seem to be
the most probable cause of the variations in total mass
along GC horizontal branches, and the average mass
loss could therefore be related to the average rotational
velocity in upper RGB stars. The fact that the de-
cline of the surface carbon abundance with increasing
luminosity along the giant branch is much more pro-
nounced in M13 (Smith & Martell 2003) and most, if not
all, of the extremely metal-deficient GCs (Martell et al.
2008) than in metal-rich clusters can hardly be a co-
incidence. Sweigart & Mengel (1979) have shown that
such observations can be explained by rotationally driven
deep-mixing, which is expected to become less impor-
tant as the metallicity increases due to the concomi-
tant increase in the mean molecular weight gradient near
the H-burning shell. (Red giants in NGC288, which
has a higher [Fe/H] than M13 by ∼ 0.5 dex, mainly
show a bimodality of CN strengths with only a hint of
a decline of C and O with increasing luminosity; see
Smith & Langland-Shula 2009.)
The next paper in the series will carefully examine
the differences in the CMDs of M3 and M13 to try to
explain why these two clusters have such different HB
morphologies, despite having nearly identical [Fe/H] val-
ues. Synthetic HB populations will be presented in this
investigation, which will include an analysis of, among
other things, the detailed distribution of mass along the
observed HBs of these two systems, which is an impor-
tant and controversial issue; see, e.g., Caloi & D’Antona
(2008) and Valcarce & Catelan (2008).
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